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PREFACE 

In  this  dissertation,  certain  general  aspects  of 
linear  ordinary  second  order  differential  equations  are 
initially  discussed.  Attention  is  briefly  devoted  to 
establishing  criteria  under  which  it  is  possible  to  discern 
whether  or  not  the  point  at  infinity  is  an  ordinary  point 
or  a  regular  singular  point  of  a  given  differential  equation, 
This  is  followed  by  a  derivation  of  the  canonical  form  of  a 
differential  equation  with  three  regular  singular  points. 
Certain  constants  in  this  equation  are  specialized,  and  the 
result  is  an  equation  with  two  regular  singular  points. 
A  closed  form  solution  of  this  latter  equation  is  then  £iven, 

Hypergeometric  functions  are  deduced  from  a  study 
of  a  solution  of  the  hypergeometric  equation.   Criteria  for 
convergence  of  hypergeometric  functions  are  also  established, 

In  Chapter  II,  an  equation  with  five  elementary 
singular  points  is  introduced.  This  is  followed  by  a  deri- 
vation and  brief  discussion  of  the  respective  equations  of 
Lame,  Nathieu,  Legendre,  Bessel,  Weber,  and  Stokes. 

In  Chapter  III,  an  equation  with  n-regular  singular 
points  is  discussed,  and  certain  equations  are  derived  which 
are  used  in  Chapters  IV  and  V.  A  brief  discussion  of  Heun's 
equation  is  given  in  Chapter  IV,  which  includes  its  deriva- 
tion and  solution  in  a  general  case. 


Ill 
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A  derivation  of  a  general  differential  equation, 
with  five  non-elementary  regular  singular  points,  is  given 
In  Chapter  V,   Information  gained  from  Chapters  III  and  IV 
prove  useful  In  this  derivation.  This  general  differential 
equation  is  then  solved  in  a  general  case  in  Chapter  VI. 

An  exposition  of  Scheffe's  criteria,  as  applied  to  a 
linear  ordinary  second  order  differential  equation,  is  given 
In  Chapter  VII,  These  criteria  are  then  applied  to  the  equa- 
tion derived  In  Chapter  V.  The  result  is  Chapter  VIII.   In 
this  chapter,  solutions  in  a  neighborhood  of  each  of  the  reg- 
ular singular  points  z  =  0,  1,  a,  b,  and  infinity  are  given 
In  terms  of  hypergeoraetrlc  functions.   A  solution  In  a  neigh- 
borhood of  z  =  d,  where  d  Is  an  ordinary  point,  is  also  ex- 
pressed in  terms  of  hypergeometrlc  functions.   Chapter  VIII 
contains  certain  confluent  equations  which  are  classified 
In  the  notation  of  Ince. 

The  majority  of  Chapters  V,  VI,  and  VIII  is  believed 
to  be  nevj.  The  other  chapters,  while  not  original,  are  never- 
theless considered  necessary  for  a  logical  development  of 
the  study. 
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CHAPTER  I 

INTRODUCTION 

Some  General  Considerations  of 
Linear  Ordlnarj'-  Differential  Equations 

A  linear  ordinary  second  order  differential  equation 

is  frequently  v/rltten  in  the  form: 

2 

(1)    ^  +  p(z)  fr  +  q(2)u  =  0. 

V/e  assume  u  and  z  to  be  complex  variables  with  u 
designated  as  the  dependent  variable  and  z  the  Independent 
variable.  We  further  assume  the  existence  of  a  closed 
region  S  in  the  complex  plane  throughout  which  both  p(z) 
and  q(z)  are  analytic  [1^,  p.  SJ,   ]  except  at  a  finite 
number  of  poles  [7,  p.  3^  ^• 

If  p(z)  and  q(z)  are  both  analytic  at  some  point 
z  =  c  in  the  region  S,  then  z  =  c  is  designated  as  an 
ordinary  point  of  S.   Other  points  in  5  are  designated  as 
singular  points.   Singular  points  of  p(z)  and  q(z)  are 
either  regular  singular  points  or  irregular  singular  points. 

We  define  a  point  2  =  0,  v;hlch  is  in  S  and  not  on 
the  boimdary  of  S,  to  be  a  finite  regular  singular  point 

of  the  differential  eqiiatlon  (1)  if  both  (z-c)p(z)  and 

2 
(z-c)  q(z)  are  analytic  at  c.   From  this  definition  it 

Numbers  in  brackets  refer  to  the  bibliography. 


follows  that  p(z)  has  a  simple  pole  at  c,  and  q(z)  has  a 
pole  of  order  2  at  c.  That  Is,  we  can  represent  p(z)  and 
q(z)  by  the  following  series  expansion: 

(2)  p(z)  =  -=1  +  p^  +  Pt(z-c)  +  •••  +  p„(z-c)"  +  •••  , 

z-c    0    1  n 

and 

(3)  q(z)  =   "^   +  -=^  +  Qq  +  qi(z-c)  +•••+  qjj(z-c)"  +•••, 

(z-c) 2   z-c 

where  p^,  (n  =  -1,0,1,2,...)  and  q^,  (n  =  -2,-1,0,1,2,...) 
are  constants,  and  not  all  of  the  quantities  p  -,  ,  q  p»  and 
q   can  be  zero . 

We  now  define 


2 
(5)     Q(z-c)  =  (z-c)  q(z),  so  that  from  equations  (2) 


(k)  P(z-c)  =  (z-c)  •p(z),  and 

(5)  Q(z-c)  : 
and  ( 3 )  we  get : 

(6)  P(z-c)  =»  p_  +  Pq(z-o)  +  p^(z-c)^  + 


+  Pjj(z-c)    +  *  •  •  ,  and 


(7)     Q(z-c)  =  q  5+  q  ^(z-c)  +  q^(z-c)^  +  • 
-2    -1  O 

+  q^(z-c)^'"2  + 


(g) 


In  summation  notation,  equations  (6)  and  (7)  become 

00 


P(z-c)  =  E  (P-)(z-c)^,  and 
J=0  ^ 


00  4 

(9)     Q(z-c)  =  Z  (Q  )(z-c)  ,  where  P.  and  Q  are  constants. 

JssO   J  J  J 

From  equations  (6)  -  (9)  we  note  that  P(z-c)  and  Q(z-c)  are 


both  analytic  at  z  =  c,  and  further  that  Pj  =  Pj.^,  oJid 

We  may  substitute  equations  (h-)    and  (5)  Into 
equation  (1),  and  rearrange  slightly  to  obtain: 

(10)  (z-c)^  ^  +  (z-c)P(z-c)|^  +  Q(z-c)u  =  0. 

dz 

We  will  now  Investigate  the  conditions  under  vrhlch 
infinity  Is  either  an  ordinary  point  or  a  regi-ilar  singular 
point.   Initially  we  make  the  variable  transformation 

(11)  z  =  1/w,  following  which  \ie   will  investigate  the 
behavior  of  p(z)  and  q(z)  in  a  neighborhood  of  w  =  0 . 

We  note  the  follovilng  equations: 

(12)  dz  "^  dw  '  dz  '  h®"°®  ^^o'"  equation  (11) 

(13)  T^  =  -  A:  •  i^  .   Also  from  equation  (12)  we  have: 
dz      ^2        dw 

(lli)    dl^  =  |u  .  d_^  ^  (2W)   .  ^  .   From  equation  (11) 
dz2   ^w   dz^    dz     dw2 

we  now  obtain : 

^c^^    d£u  ^  _2.  .  du  _j.  j^  .  d£u 
'  dz2  "  z3   dw   ,i|   ^^2  • 

Substituting  equations  (13)  and  (15)  into  equation 
(1)  yields  the  following  expression: 


2 
(16)     v^   d_u  +  2w3  ^  -  p(l/w)[w2  |ii]  +  q(l/w)u  =  0. 


,2  ■  ""   dw   ^v-/">L"   ^^. 


Simplifying  equation  (l6)  yields: 

'^7'     &  *  f2/w  -  ^   p(l/M)  ]|^  +  ;ij  q(l/w)u  =  0. 

Now  w  =  0  v;lll  be  an  ordinary  point  of  equation  (17) 

if  both  [2/vf  -  -^   p(l/w)]  and  -—   q(l/w)  are  analytic  at 
w^  w^ 

w  =  0. 

The  condition  [2/v/  -  -^   p(l/w)]  be  analytic  at 

w^ 

w  =  0  will  be  met  if  pd/w)  is  expressed  as  follows; 

(1?!)    o(l/w)  =  2w  +  p  w^  +  •  •  •  +  p  w"  +  •••  . 

2  n 

From  equation  (1?!)  it  follows  that 

(19)  [2/w  -  ^  p(l/w)]  =  -  p^  -  p^w  -  pi^w^  -  ••• 

-  P„«"-2  -  • •  •  . 

This  is  clearly  analytic  at  iv  =  0  for  finite  pp  , 

where  p   (n  =  2,3,'**)  are  constants. 

Further,  the  condition  —r   q(l/w)  be  analytic  at 

w^ 

v;  =  0  will  be  met  if  q(l/w)  is  ex]:>ressed  as  follows: 

(20)  q(l/w)  =  qj^^w^  +  q^w5  +  •••  +  q^w"  +  •••;  qj^  =1=  0 . 
From  equation  (20)  we  obtain: 

(21)  ■\-  q(l/w)    =q,     +qw+    •••+qw  °"^+    •••    ,    where 


q  ,  (n  =  ^,5...)  are  constants.   By  saying  an  equation  is 
analytic  at  a  point,  we  will  mean  the  function  defined  by 
the  equation  Is  analytic  at  that  point.  Thus,  equation  (21) 
l8  analytic  at  w  =  0. 

Substituting  equation  (11)  Into  equations  (1^)  and 
(20),  we  conclude  that  Infinity  will  be  an  ordinary  point 
of  equation  (1)  provided 

(22)  p(z)  =  2/z  ♦■  p^/z^  +  •••  +  p^z"  +  •••  ,  and 

(23)  q(z)  =  qi^/z^   +  q5/z5  +  •.•  +  q^^/z^  +  •••  . 

We  will  now  Investigate  the  conditions  under  which 
infinity  Is  a  regular  singular  point. 

From  equation  (17),  If  It  Is  true  that  both 

w[2/w  -  -i-  p(l/w)]  and  ^  ^W^)   are  analytic  at  w  =  0,  and 

that  either  [2/w  -  -^  p(l/w)]  or  ^^"^^^^    or  both  fall  to  be 
w  w^ 

analytic  at  w  =  0,  then  w  =  0  Is  a  regular  singular  point 
of  equation  (17).   We  v:lll  use  this  definition  consistently. 
This  implies,  from  equation  (11),  that  infinity  Is  a  regu- 
lar singular  point  of  equation  (1). 

Assume  an  expansion  for  pd/v;)  of  the  form; 
(2^+)     pdAO  =  piw  +  P2W^  +  •••  +  pj^;v"  +  •••  .   Then 

(25)    w[2/w  -  i-  p(l/w)]  =  2  -  p  -  p^w  -  •  •  • 
w2  12 

■^  ,.ii~l    .  . . 
-  p^w    -  •  •  . 


Equation  (25)  Is  clearly  analytic  at  w  =  0,  for  finite  p, , 
which  Implies  that 

(26)  zp(z)  =  Pq^  +  P2/Z  +  •••  +  Pn/^"'"^  "*■  "*  ^^  analytic 
at  Infinity.  Again  we  note  that  p  ,  (n  =  1,2,...),  are 
constants. 

o 

V/e  next  consider  J2-3HZwI^  by  first  assuming  an 

w 
expansion  of  q(l/w)  of  the  form: 

(27)  q(l/w)  =  q^w^  +  q  w3  +  •••  +  q^w°  +  •'•  ,  where  not 
all  of  the  quantities  p  ,  q  ,  and  q  are  zero. 

Then  from  equation  (2?)  we  get: 
(2g)     ^^q^y)  =  q2  +  q3W  +  •  •  •  +  q^wn-2  +  •  •  •  . 

Equation  (2g)  Is  evidently  analytic  at  w  =  0,  so 
from  equations  (11)  and  (2g)  we  conclude  that 

(29)    z2q(z)  =  qg  "^  ^3/2  +  •••  +  q^/z^'^  +  •••  Is  analytic 
at  Infinity. 

We  may  summarize  the  above  statements  concerning 
ordinary  points  and  regular  singular  points  of  equation  (1) 
as  follows: 

z=c  Is  a  finite  ordinary  point  if  both  p(z)  and 
q(z)  are  analytic  atz=c.  z=clsa  finite  regular 
singular  point  if  both  (z-c)p(z)  and  (z-c)2q(z)  are  analytic 
at  z  =  c,  and  if  either  p(z)  or  q(z)  or  both  fall  to  be  ana- 
lytic at  z  =  c. 


Next,  let  2  =  1/w,  then  consider  the  expressions 
[2/w  -  -^(1/w)]  and  ^ii/iil.  if  both  of  these  expres- 

slons  are  analytic  at  w  =  0,  then  w  =  0  is  an  ordinary- 
point  of  equation  (1?).  This  implies  that  infinity  is  an 
oiviinary  point  of  equation  (1).  Again  we  consider  the 

expressions  w[2/w  -  -X  p(l/w)]  and  H_2il/lLL.  if  both  of 

w^  w^ 

these  expressions  are  analytic  at  w  =  0,  then  w  =  0  is 

a  regular  singular  point  of  equation  (17).  This  implies 

that  infinity  is  a  regular  singular  point  of  equation  (1) . 

Points  in  the  extended  z-plane  which  do  not  conform 
to  the  above  criteria  are  designated  as  irregular  singular 
points  of  equation  (1). 

To  further  illustrate  the  conditions  under  which 
Infinity  is  either  an  ordinary  point  or  a  regular  singular 
point,  we  give  a  concrete  example.  Thus,  let  p(z)  in 
equation  (1)  be  a  rational  function  of  the  form: 


(30)    p(z)  =  ^ ;  where  (A^)(B^)  Jf^   0. 

1=0  ^ 
Dividing  numerator  and  denominator  of  equation  (30) 


m 
by  L   B  z™"^  gives  us  : 
1=0  ^ 

(31)     P(z)  =  (AyB^)z^-'=  + 


Again  from  equation  (1),  let  q(z)  be  a  rational 
function  of  the  form; 

E  C  z^"^ 

(32)  q(z)  =  1=0  ^       where  Cq  ^  0. 

1=0 
We  may  rewrite  equation  (32)  thus ; 

(33)  q(z)  =  (VBQ)zn-^  +  •••  . 

Now  Infinity  will  be  an  ordinary  point  of  equation 
(1)  If  both  p(z)  and  q(z)  are  analytic  at  Infinity.  These 
conditions  are  fulfilled,  from  equations  (31)  and  (33), 
if  both  k~m  <  0  and  n-m  <  0. 

Again  from  equations  (31)  and  (33). 

(3^)    zp(z)  =  (AyB^)z^-°^l  +  •••  ,  and 
(35)    z^q(z)  =  (VBQ)zn-°»-^2  +  ...  . 

Thus  Infinity  Is  a  regular  singular  point  of 
equation  (1)  If  both  zp(z)  and  z^q(z)  are  analytic  at 
infinity.  These  conditions  are  met,  from  equations  (3^) 
and  (35)  If  both  k-m+1  <  0  and  n-m+2  <  0,  and  If  either 
p(z)  or  q(z)  or  both  fall  to  be  analytic  at  Infinity. 

The  above  fundamental  condderatlons ,  while  not 
extensive,  are  nonetheless  pertinent  to  the  future  develop- 
ment of  this  study.  Other  applicable  topics  are  developed 
as  the  study  progresses. 


We  will  now  apply  the  foregoing  theory  to  a  dis- 
cussion of  a  differential  equation  with  three  regular 
singular  points. 

Differential  Equations  with 
Three  Regular  Singular  Points 

Let  equation  (1)  have  three  finite  regular  singu- 
lar points  z  =  a,  z  =  b  and  z  =  c.  We  assume  that  equation 
(1)  has  no  other  singular  points,  and  that  the  points  a,  b, 
and  c,  have  respective  exponents  a,  a';  p,  p' ;  and  -y  .  7'- 
Then  p(z)  is  a  rational  function  v;ith  simple  poles  at  a,  b, 
and  c,  and  q(z)  is  a  rational  function  with  poles  of  order 
2  at  each  of  a,  b,  and  c. 

We  may  now  v;rite  p(2)  as  follows; 

EpZ^  +  E^z  +  E^ 

(36)  p(z)  =  (z,a)(z-b)(z-c)  '  °^  expanding  equation  (36) 

in  partial  fractions  yields; 

(37)  p(z)  =  G-L/(z-a)  +  Gp/(z-b)  +  G^/{z-c)  . 

We  may  write  an  expression  similar  to  equation  (36) 

for  q(z),  thus  obtaining; 

F^z^  +  F^z  +  F^ 
^^'^^    ^^^^  "  (z-a)(z-b)(z-c)  ■  (z-a)(z-b)(z-c)  * 

We  may  expand  equation  (3?)  in  partial  fraction 
to  get; 


10 


(39)    q(z)  =  [H^/(z-a)  +  H2/(z-b)  +  H^/(z-c)] 

•[l/(z-a)(z-b)(z-c)]. 

Substituting  equations  (37)  and  (39)  into  equation 
(1)  gives  us  the  follovving  expression; 

i^O)  1^  +  [G^/(z-a)  +  G2/(z-b)  +  G^/(z-c)]f| 

+  [H;L/(z-a)  +  H2/(z-b)  +  H^/(z-c)] 

•[l/(z-a)(z-b) (z-c)]u  =  0. 

We  now  assume  a  solution  of  equation  (^0)  in  a 
neighborhood  of  z  =  a  to  be  of  the  fom; 

X     00        X+r 
(4l)    u(z)  =  c^(z-a)   +  I   c-(z-a)    ;  cA   0. 

r=l  ° 

Differentiating  equation  (^1)  with  respect  to 

(z-a)  yields; 

\  -I      OO  X  +  n  1 

(1+2)    u'(z)  =  c^X(z-a)^"-^  +   Z  c^(X+r)(z-a)  ^'-^ , 

r=l 

where  it  is  understood  that  u'(z)  =  . /    s  . 

Differentiating  equation  (^2)  with  respect  to 
(z-a)  yields  the  following  expression; 

X  P    '^  X+T*  P 

(1+3)    u»(z)  =  CQX(X-l)(z-a)   '^+  E  Cj,(X+r)(X+r-l)(z-a)    '^, 

r=l 


11 


We  now  substitute  equations  C+l)  ,  (^2)  and  {k^) 
into  equation  (^0)  to  get; 

X  P    °°  X+r-2 

(1+4)    CoX(X-l)(z-a)    +   E  Cj,(X+r)(X+r-l)(z-a) 

r=l 

"G-,     Gp    G,~I  r       x.i   00  X  +  r-1 

L  J  L  r=l 

Hj^/(z-a)  +  Hg/(z-b)  +  H^/(z-cr| 
(z-a) (z-b) (z-c)        J 


00 


X+r. 


[Co(z-a)   +   E  Cj,(z-a)    ]   =  0. 
r=l 


Inasmuch  as  we  are  expanding  In  ascending  pov/ers 
of  (z-a),  we  equate  the  coefficient  of  (z-a)    to  zero 
thus  obtaining  the  Indiclal  equation: 


(4-5)    CoX(X-l)  +  CqGiX  +  Cok  =  0,  where  k  Is  to  be 

determined  from  the  coefficient  of  u(z)  in  equation  (^^). 

We  will  now  compute  k. 

We  write  equation  (39)  as  follows: 

H]_   2, I  Hg    H-^  2, 

^^^)    "^^^^  "  (z_a)2"(z-b)(z-c)  ""jjlb  ■"  z-c_^  [(z-a)(z-b)(z-c)_ 

Let 

(1+7)    f(z)  =  -7 — rA r  ,  and  expand  in  a  Taylor's  series 

about  z  =  a  to  get: 
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oo  ,    v"  ^(n) 


(kS)  f(z)  =  f(a)  +  Z   ^^'^^    J, ^  . 

n=l      "• 

Substitute  equation  (^S)  Into  equation  (^6)  to  get: 

H  f(a)       00       p  /  \ 
(l;9)     q(z)=^_^+H-L   Z  (z-a)"  '^f^"^a) 

+  [H2/(z-b)  +  H3/(z-c)][l/(z-a)(z-b)(z-c)]. 

Substituting  equation  (^19)  into  (44),  where  f(a)  is 
computed  from  equation  (47),  gives  the  following  expression; 

x-p   °°  \+r-2 

(50)   CQX(X-l)(z-a)    +  E  Cj,(X+r)(X+r-l)(z-a) 

r=l 

P      oo,     n-2  (n).  . 

+  {H,/(a-b)(a-c)(z-a)^  +  H-.  Z  ^^^^^ \ ^^^ 

1  n=l       n- 

+  [H2/(z-b)  +  H^/(z-c)][l/(z-a)(z-b)(z-c)]}|c^(z-a) 

00       x+r 
+  E  c-,(z-a)    ]}  =  0. 
r=l 


The  indiclal  equation  is  now  complete.   By  inspec- 
tion of  eqiaation  (50),  we  note  that 

(51)  k  =  H-L/(a-b)  (a-c)  .   Substitution  into  equation  (4-5) 
and  then  division  of  both  members  by  c^ gives,  upon  slight 
rearrangement ; 

(52)  X^  +  X(G-L  -  1)  +  H3_/(a-b)(a-.c)  =  0. 
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The  roots  of  equation  (52)  are  the  exponents  of  the 
solution  to  equation  (^0)  In  a  neighborhood  of  z  =  a.   Hence 
from  equation  (52)  v;e  Immediately  deduce 

(53)     1  -  G^  =  a  +  a' ,  and 
{^k)  H-L/(a-b)(a-c)  =  ii' . 

Solving  equations  (53)  ^^'^^   (5^)  we  have: 


(55)  G;j^  =  1  -  a  -  ac'  ,  and 

(56)  H^  =  aa'  (n-b)(a-c) . 

Similarly,  solving  equation  (Uo)  In  a  neighborhood 
of  z  =  b  and  z  =  o,  respectively,  yields: 

(^7)  Gp  =  1  -  3  -  P'  . 

(5g)  H^  =  3p'  (b-a)(b-c) , 

(59)  G  =  1  -  Y  -  -y'  ,  and 

(60)  H3  =  yy'  (c-a)(c-b) . 

Substituting  equations  (^5)  -  (6c)  into  equation  (^0) 
we  obtain : 


l,.s  dgu    ri-g-a*    1-p-p'  ^  l-^y'ld 

^  ^    dz2    Lz-a   ^  z-b   ^  z-c  Jd 


au 
dz 


aa'(e-b)(a-c)  ^  ep  '(b-a)(b-c) 
z  -  a  z-b 


z-c 


J  L(z-a)(z-b)(z- 


c) 


=  0. 


Ik 


Equation  (6l)  Is  the  canonical  form  of  a  second 
order  linear  ordinary  differential  equation  with  three 
finite  regular  singular  points. 

This  canonical  form  Is  due  to  Papperltz  [10,  p.  213] 

We  note  that  equation  (6l)  Is  determined  completely 
and  tmlquely  by  the  singular  points  and  the  exponents  at  the 
singular  points. 

Riemann  [12,  vol.  71  expressed  a  solution  to 
equation  (6l)  as  follows; 

a      b      c 
(62)    u  =  P<a      3      y  z 

La'      0-     y'  J  . 

The  singular  points  are  In  the  first  row,  with 
corresponding  exponents,  at  the  respective  singular  points, 
In  the  second  and  third  rows .   The  Independent  variable  Is 
In  the  fourth  column. 

Equation  (62)  Is  called  Riemann 's  P-equatlon. 

We  will  now  specialize  certain  of  the  restrictions 
attached  to  equation  (6l)  and  hence  derive  a  differential 
equation  with  two  regular  singular  points.  This  equation 
will  then  be  solved  In  closed  form. 
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Differential  Equations  with  Two 
Regular  Singular  Points 

In  eqiiation  (6l)  we  let  z  =  c  be  an  ordinary  point. 

Then  both  p(z)    and  q(z)  are  analytic  at  c.   It  then  follov;s 

that 

(63)    1  _  y  -  ^«  =  0  and 

(6^1)  YY'  =  0,  for  otherwise  z  =  c  is  a  regular 

singular  point.   Equation  (61)  now  becomes; 

(65)  ^+  [(l-a-n')/(z-a)  +  {l-p-p')/(z-b)]fii 
dz^  ^2 

+  [aa'(a-b)(a-c)/(z-a)  +  pp' (b-c) (b-aK(  z-b) ] 

•[u/(z-a) (z-b)(z-c)]  =  0. 
Now  in  order  for  z  =  c  to  be  an  ordinary  point 
z  -  c  must  divide  the  coefficient  of  u/( z-a) ( z-b) ( z-c) . 
That  is, 

(66)  Ci(z)  =  ^a'(a-b)  (a-c)(z-b)  h-  B6' (b~c)  (b-a)  (z-a) 

must  be  divisible  by  z  -  c,  where  Q(z)  =  (z-a) (z-b) (z-c)q(z) 
From  equation  (66)  we  deduce  that 

^^/q)  =  aa'(a-b)(a-c)(c-b)  -^  aft' (b-c)  (b-a)  (c-a)  ^  ^ 
(c  -  a) (c  -  b)  ' 

and  hence  we  get: 

(67)  aa'  =  33*  . 
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In  Chapter  III  we  will  show  that  for  a  linear  ordin- 
ary second  order  differential  eqiiatlon  with  regular  singular 
points  a^,,  (r  =  l,2,...,n),  and  exponents  at  these  singular 
points  of  aj.  andpj,,  (r  =  l,2,...,n),  then  It  Is  true  that 

n 

^   io.^   +  Pj.)  =  n-2. 
r=l 

Applying  this  expression  to  equation  (6l)  we  note 

that 

(6?)    a+a'+3+p'+Y+7'=l,  but  from  equation  (63) 

this  simplifies  to: 

(69)  a  +  a'  +  3  +  3'  =  C.  We  will  use  this  relationship 
presently. 

Now  substitute  equation  (67)  Into  equation  (66), 
then  substitute  the  result  Into  equation  (6^0  to  get; 

(70)  7-^+  [(l-a-a')/(z-a)  +  ( l-p- 3')/(  z-b)  ]|t 
dz 

+  a-a'r(a-b)(a-c)  (z-b)  +    (b-c)  (b-a)  (z~a)  lu  ^  ^ 
(z-a)2(z-b)2(z-c) 

Equation  (70)  simplifies  to: 

(71)  ^+  [(l-a-a')/(z-a)  +  (1-p- p' )/(z-b) ]|§ 


dz' 


+  [aa'(a-b)^/(z-a)^(z-b)^]u  =  0. 


In  order  to  solve  equation  (7I)  we  first  make  the 
variable  transformation: 
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(72)  w  =  (z-a)/(z-b)  from  which  It  follows  that 

(73)  z  =  (bw  -  a)/(w-l), 
(7^)  z-a  =  w(b-a)/(K-l) ,  and 

(75)  z-b  =  (b-a)/(w-l)  . 

Now  froT.  equations  (12),  (1^)  and  (72)  we  get; 

(76)  ^  =  |^[(w-l)^/(a-b)],  and 

(77)  H  =  fSl^2(w-l)V(a-b)2]  +  ^[(w.l)V(a-b)2]. 
dz"^   ^^  dw*^ 


Substituting  equations  (7'+)  -  (77)  Into  equation  (72) 
yields  the  following  equation: 

(725)    ~[2(w-l)V(a-b)^]  +  j^[(w-l)V(a-b)2] 


P=WT0^  ^  '""[nS""']^'"-^'^/'-^'^i 


2     i4- 
I  (a-b)  (w-1) 

+  aa'  -^ rf — ^ — TIF —  u  =  0. 

w2(b-a)^ 


(79) 


We  now  rearrange  equation  (7?)  as  follows; 
,^  ,2    ,   , .3 
1 


iw:ill_.£:^  _  iwrlll[(i.a-a')/w  +  (l-p-p')]!^ 


(a-b)^  dw^    (a-b) 


IS 


Dividing  both  members  of  equation  (79)  by 

^^'■^'  ^   we  obtain: 
(a-b)2 

(go)    7-^-  [l/(w-l)]'[(l-a-a')/w  +  (l-3-3')]i^ 


+  [2/(w-.l)]|^  +  (aaVw2)u  =  0. 

We  simplify  equation  (SO)  further  as  f ollov;s  : 

(gl)    ^  -  i Cd-a-a')  +  w(l-3-p')  -  2w]|^ 

dw    w(w-l) 

+  (aa'/w^)u  =  0. 
Multiplying  both  members  of  equation  (gl)  by 


w'^(w-l)  to  get: 


dw' 


(g2)    w2(w-l)7:^  +  [w2(l+0+3')  -  w(l-a-a')]f^ 


+  aa' (w-l)u  =  0. 
We  now  solve  equations  (67)  and  (69)  simultaneously 
to  get  3  =  -a,  and  p'  =  -1*  ,    hence  equation  (22)  becomes: 

2 

(g3)    w2(w-l)^  +  [(w2-w)(l-a-a')]iS  +  aGt'(w-l)u  =  0. 
dw'^ 

Since  we  are  assuming  a  solution  in  the  finite 
plane,  division  by  (w-1)  is  permissible,  and  equation  (23) 
becomes: 
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2 
i&k)  w2  ^  +  [(i-a-a')(w)]|ii  +  aa'u  =  0. 

Let  D  2  ^  ,  then  equation  i^k)   becomes: 

(g5)    [w2d£  +  (1-a-aMwD^  +  aa«]u  =  0. 

We  now  let 
(36)    w  =  e^,  then  equation  (^5)  becomes 
(87)    [D  (D  -1)  +  (l-a-a«)D_  "^  aa']u  =  0,  where 

X   dx 
Upon  simplification,  equation  (^7)  becomes; 
(gg)     [(D^  -  a)(D^-  a')]u  =  0. 

A  general  solution  of  equation  (SS)  Is; 
(^9)    u  =  K^e"^^  +  Kpe^'^,  where  K,  and  Kg  are  arbitrary 

constants  of  Integration.   [8,  p.  IS] 

(90)  Now  w'^  =  e^^  and  w*^  =  e°^  ^,  hence  combining  equa- 
tion (90)  and  (72),  we  see  that  equation  (S9)  becomes; 

(91)  u(z)  =  K^[(z-a)/(z-b)]°^  +  K2[(z-a)/(z-b)]'i'. 

Equation  (91)  Is  the  desired  solution  of  equation  ( 71) • 

Now  If  we  suppose  a  =  a',  then  equation  (SS)  becomes; 

(92)  (D  -  a)^  u  =  0,  and  we  assume  a  solution  of  the  form, 

(93)  u  =  te*^^,  where  t  and  x  are  complex  variables.  From 
equation  (93)  we  will  determine  t  such  that  equation  (93)  Is 
a  general  solution  of  equation  (S5)  with  a  =  a'. 


20 


Substituting  equation  (93)  Into  equation  (92)  we  have: 


(95) 

(96) 
(97) 


(D^-a)2(e°^^-t)  =  e^^^D^t. 

Now  If  D^t  =  0,  then  e°^^*t  will  satisfy  equation  (92)  . 

X 

Solving  equation  (95)  we  get; 

t  =  I^  +  KkX,  and  hence  from  equation  (93) » 

u  =  K  e^^  t-  K^^xe^^. 


Prom  equation  (S6)  we  have 

X  =  In  w,  and  substitution  Into  equation  (97)  gives 
us  the  following: 

u  =  K  e*^  In  w  +  ^^-^  ^^a   In  w^  g^  ^^^ 

(9g)    u  =  Yi^   +  Kj^W^ln  w. 

Substituting  equation  (72)  Into  equation  (92)  gives 
us  the  final  result: 


(99) 


u(z) 


K. 


^z-al 
z-b 

a 

z-a 

z-b 

a 
In 

z-b 

Equation  (99)  Is  a  solution  In  closed  form  of  a  linear  ordin- 
ary second  order  differential  equation  with  two  finite  regular 
singular  points . 

We  will  now  discuss  a  particular  differential  equa- 
tion from  which  we  will  derive  the  hypergeometrlc  series, 
and  then  define  the  hypergeometrlc  function. 
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Hypergeometrlc  Functions 
We  will  now  solve  a  particular  differential  equation, 
thus ; 

l.r.r.)        ^.Ji   .    Lc_:ULaib±llzl  du  ab 

dz^  ^^^-^^  ^^  '   ^^^-^^    ^  -  0- 

riultlplylng  both  members   of  equation   (100)   by 
z(l-z)    gives   the  hypergeometrlc  equation; 

(101)  z(l-z)^  +   [c  -    (a+b+l)z]^  -  abu  =  0. 

dz2  dz 

We  now  assume  a  solution  of  equation  (101)  In  a 

neighborhood  of  z  =  0  to  be  of  the  form ; 

oo   . 
u(z)  =  Z   Cj,z''"^^  ;   Co  ^   0,  or 
r=0 

(102)  u(z)  =  CqZ^  +  c^z^"^^  +  •••  +  Cj._iz^'^^-1+  Cj,z^"^^+---. 

Differentiating  equation  (102)  with  respect  to  z 
gives; 

(103)  u'(z)  =  CqAz^'-'-  +  c-l(X+1)z^  +  •••  +  c^_^{-\+r'l)z^'^^'^ 

+  c^(X-.r)z'^^-^  ^  ...  . 

Differentiating  equation   (I03)    with  respect   to   z 
yields ; 
(10i|)        u"(z)    =   CqX(X-1)z^"2  +   C;j^(X+l)(X)z^"^  +    ... 

+   Cj._^(X+r-l)(X-fr-2)z^"^^"^ 

+  Cj.(X+r)(X+r-l)z^"*'^"^  +    •..    . 

Substituting  equations  (102)  -  10^)  Into 
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equation  (101)  gives  us ; 

(105)  z(l-z)[c^X(X-l)z''"^  +  c^(X+l)(X)z^"^  +  ••• 

+  c„  ,(X+r-l)(X+r-2)z^'*'^"^ 
r-1 

+  c^(X+r)(X+r-l)z^'^^"^  +  •••  ] 

+  [c  -  (a+b^DzJCc^Xz^-^  +  C]_(X+l)z^  +  ••• 

+  c^.lO^+r-Dz^"'''-^  +  c^(X+r)z^"*"^-^  +  ...  ] 

-abCc^  +  ciz^^l+  •••  +  c^.^z^^""^^   c^z^+^+  •••]  =  0 

We  now  get  the  Indlclal  equation  by  equating  the 
coefficient  of  z  "  to  zero: 

(106)  CqX(X-I)  +  CqXc  =  0. 

Solving  equation  (lo6)  yields; 

(107)  X  =  0,  1-c. 

To  get  the  recurrence  equation  we  equate  the  coeffi- 
cient of  z  ^       to  zero  thus ; 
dog)   Cj,(X+r)(X+r-l)  -  c^_^(X+r-l)(X+r-2)  +  c^(X+r)(c) 

-  (a+b+l)Cj,_-L(X+r-l)  -  abCj,_-j_  =  0. 

Solving  equation  (10^)  for  Cj,  gives  the  desired 
recurrence  equation  as  follows; 

(109)  0  =  r(X-fr-l)(X-fr-2)  +  (a+b-H)  (X^-r-1)  +  ablc^..^^ 

(X+r)(X+r-l)  +c(X+r) 

Equation  (109)  simplifies  to; 

(110)  -  ( >^+r-H-a )  (  X-t-r-l+b)  c^,-^ 
°^  ~    (X+r)(X+r-l+c)      * 
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In  equation  (112)  we  let  X  =  0  and  set  r  =  1,  thus 

obtaining: 

(111)   ci  =  37^  Co- 
Let  r  =  2  in  equation  (110)  to  get 

C2  =  ^^  .  ^1  X  '    c-|_  ,  and  substituting  c^  from 

equation  (111)  yields: 

(xr?)        c  =  (a)(a-H)(b)(b-H) 
^112)    C2     ^.2  (c)(c+l)    ""o- 

We  now  generalize  by  letting  r  =  n  in  equation  (110), 
and  in  conjunction  with  the  formation  of  equation  (112),  we 
deduce  the  following  equation: 

=  (a)(a-H) •••(a+n-l)(b)(b+l) •••(b+n-l)cQ 
^"^^    °^  "        n:  (c)(c+l)  •••(c+n-1) 

Substituting  equation  (113)  Into  equation  (102) 
gives  a  general  solution  of  equation  (101)  in  a  neighbor- 
hood of  z  =  0  whenever  X  =  0. 

This  solution  is 

dill)   u.(z)  =  K.Cl  +  Z  (a)(a-H)--ja-Hn-l)(b)(b-H)--(b-Hn-l),n3^ 
^       ^         n=l        "•  (o) (c+1) • • -(c+n-l) 

where  K-,  is  an  arbitrary  constant  of  integration. 

Similar  to  the  above  analysis,  we  note  that  when 
X  =  1-c,  equation  (102)  becomes: 

(115)  up(z)  =  Kpzl-°[1  +  ?  {^-0^1)  •  •  '(a-c-Hn)(b-o-H)  •  •  ' ( b-c-^n ) ^n ;, ^ 
2   '     2        ^^^      jj,  (2-c)(3-c)  •••(n+l-c) 
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A  general  solution  of  equation  (101)  In  a  neighbor- 
hood of  z  =  0  is  a  linear  combination  of  equations  (11^) 
and  (11^)  ,  thus; 

(116)  u(z)  =  {K.Cl  +  g^a(a-H)--(a^n-l)(b)(W)---(b4n-l)^n3 

■L    j^=]_      nl  (c)  (c+1)- • -(c+n-l) 

+  K  z-^"°ri  +  ?  (a-c-H)  •  •  •  (a-c-i-n)  (b-c+1)  •  •  •  (b-c+n)_n-|  ] 
2       n=l     nl  (2-c)(3-c)---(n+l-c) 

We  will  now  Investigate  the  conditions  under  which 
the  series  given  by  equation  (llU)  converges. 
Let 

(1171   S.  -  1  +  g"  (a)  (a-H)  •  •  -(a+n-l)  (b)  (b-H)  -  •  •  (b^-n-1)^ 

(117)  bi  -  1  -f J^      nl  (c)(c+l)---(c+n-l)        ^' 

and  let  v^^  represent  the  n-th  term  in  series  (117).  Then 
by  the  ratio  test: 


n+1 


(a->-n-l)(b4-n-l)^ 


n( c+n-l) 


,    or 


dig) 


'n-H 


a-1' 


(1  +  ^)(1 


b-lx 
"IT- J 


1  + 


c-1 
n 


(119) 


Nov7  from  equation   (112), 
^n+l 


Lira 
n  -*  00 


z| .   Hence  the  series  given 


by  equation  (117)  is  absolutely  and  uniformly  convergent 
If  \z\    <  1. 

We  will  now  establish  the  conditions  under  which 
series  (117)  Is  convergent  if  \z\    =1. 


(120) 


Let  |z|  "=1,  then  equation  (llS)  becomes: 


'n-t-l 


[1  +  ^=^][1  +  ^[1  -  S=^  +  0(l/n2)] 
n       n       n 


In  deriving  equation  (120),  we  note  that 
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1  + 


C-. 


1.0=1+  o(l/n^) 
n 


(121) 


Equation  (120)  can  be  written; 


^n+1 

Vn 

= 

^n+1 

^n 

=  1  + 


a+b-2 


n 


1  -  ^  +  Od/n^) 


n      n 


l  +  ^i^^+Od/n^)  . 


Now  writing  out  the  numbers  a,  b,  and  c,  we  get 


a  =  X  +  ly  ,  b  =  X  +  ly.,  and  c  =  x  +  ly_,  where  1^  =-1, 
Substituting  Into  equation  (121)  we  get ; 

x,+Xp-x,-i   KyT+yp-y,)      o 

1  +  ^  ^^  ^   +  n       ^     "^  Od/n^) 

=  {[1  +  (x^+x^-x^-D/n]^  +  [(y^+y2-y^)/n]2  +  oU/r?)]^^^ 


(122) 


'^n+1 


=  {[1  +  (x3^+X2-x^-l)/n]2  +  Od/n^)}^/^ 


Expanding  equation  (122)  In  a  binomial  expansion 
gives  the  following  expression; 
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(123) 


^n-H 


'n 


=  1  +  (x  +x  -X  -l)/n  +  Od/n^). 


Now  S,  as  given  by  equation  (117)  will  be  absolutely 
convergent  for  \z\    =1  whenever  x,+X2-x,-l  <  1,  that  Is 
whenever  x,+X2-x-,  <  0, 

Expressed  In  a  slightly  different  way,  series  (117) 
will  be  absolutely  convergent  when  |z|  =  1  If  Re  (a+b-c)  <  0. 
[1^+,  p.  2*+]. 

From  the  analysis  of  the  convergence  of  equation  (117) > 
it  follows  that  series  (117)  defines  a  function  which  is  ana- 
lytic when  |z|  <  1.  This  function  is  the  hypergeometrlc 
fimction  and  Is  defined  as  follows : 

(12l|)   F(a.b;c;z)=l+  g^  (a)  (a^l)  -  •;  (a^n-1)  (b)  (b^l)  »  • -(b-Hn-D^n, 
'  '  •      n=l      "•  (o)(c+l)  •••(c+n-1) 

Comparing  equation  (ll6)  with  equation  (12^)  we  see 
that  the  solution  of  equation  (101)  may  be  written  in  terms 
of  the  hypergeometrlc  function.  The  result  is: 
(125)   u(z)  =  K^F(a,b;c;z)  +  K2Z^-°F(a-c+l,  b-c+1;  2-c;  z)  . 

This  is  the  solution  of  equation  (101)  in  a  neigh- 
borhood of  z  =  0,  expressed  in  terms  of  the  hypergeometrlc 
function. 

Solutions  at  the  other  regular  singular  points, 
unity  and  infinity,  may  be  derived  in  a  manner  similar  to  the 
foregoing. 


27 


Some  Important  functions  which  can  be  expressed  In 
terms  of  hypergeometrlc  functions  are  as  follows; 

(126)  (1+z)"  =  F(-n,b;b;-z), 

(127)  ln(l+z)  =  zF(l,l;2;-z),  and 

(12g)        e^  =  Lira   F( 1 ,b;l;z/b) . 
b  — *-  00 

This  has  been  a  brief  Introduction  to  hypergeometrlc 
functions.   However,  they  will  be  reviewed  and  used  exten- 
sively In  Chapter  VIII  when  we  solve  certain  differential 
equations  with  non-confluent  regular  singular  points. 

With  the  Introductory  material  of  Chapter  I  at  our 
disposal,  v/e  are  nov?  ready  to  survey  a  linear  ordinary  second 
order  differential  equation  vrlth  five  regular  singular  points, 
and  certain  special  cases.   This  v/111  be  accomplished  in 
Chapter  II. 


CHAPTER  II 


DERIVATION  OF  A  DIFFERENTIAL  E»<iUATION 

WITH  FIVE  REGULAR  SINGULAR  POINTS, 

HAVING  1/2   AS   THE   EXPOI^NT   DIFFERENCE 

AT  EACH  SINGULARITY 


Subject  to  the  restrictions  outlined  In  Chapter  I, 
we  will  now  derive  the  most  general  differential  equation 
of  second  order  which  has  every  point,  except  z  =  aj,, 
r  =  1,2,3,^,  and  infinity,  as  an  ordinary  point.   These  five 
points  are  regular  singular  points  with  respective  exponents 
a  ,3  ,  r  =  1,2,3,U,  and  the  exponents  at  infinity  are  7  ,  7 p. 

We  will  show  that  the  above  differential  equation  can 
be  written  thus : 


(1)   dji  + 
dz2 


Z 
r=l  z-aj. 


l-^r-0r 


du  + 
3^ 


"^   «  «        2 
Z   ^rPr   +  Az  -H2BZ-HC 

r=l  (z-a^)2 


r=  1 


u  =  0 


We  begin  by  writing  the  differential  equation  thus : 


(2) 


d^u 


du 


dz 


^  +  p(z)  SH  +  q(2)  u  =  0,  where 
2        dz 


(3)   P(z)  =  ^° 


Z  Ej^z- 


,  and 


"]T(z-a_) 
r=l 


Z  F.z' 


(l|)   q(z)  =  i^ 


T7"(z-aj,)' 
r=l 


2g 


Fj,   J  =  0,1,  •••,6 
are  finite  constants. 
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3         6 

We  will  now  confirm  that  E  E  2^  and  Z  F  zJ  were 

1=0  ^       J=0  "^ 
correctly  chosen. 

From  equation  (3)  we  note 

(5)  p(z)  =  E^z-^  +  0(z-2).   Now  let  w  =  1/z,  and 
equation  (^)  becomes 

(6)  p(l/w)  =  E^w  +  0(w2),  and  thus 

^p{l/w)  =  E7  +  0(w)  which,  by  analysis  In  Chapter  I, 
Is  analytic  at  w  =  0  for  finite  E^ .   This  Implies  by  Inver- 
sion that  zp(z)  Is  analytic  at  Infinity,  hence  Infinity  Is 

a  regular  singular  point,  and  I  E. z  v;aE  chosen  correctly. 

1=0 

6    . 
Similarly,   I  F.z''  v;as  chosen  correctly. 
J=0  ^ 

We  now  factor  the  right  member  of  equation  (3) 

Into  partial  fractions  thus: 

(7)  P(z)  =  np =  Z     — ^ —  ,  and  similarly 

I  ■  r=sl  z-»a»» 

r=l 

^    J 

(g)     q(z)=mJ =  I     !lr_-,  z     i-  ,  where 

-r-/    ^2   ^=1  r^  o  'i^   r=i  z-a 

I  I  (z-a  )        iz-aj.;  r 

r=l 

Gj,,  Hj,,  and  J^,  are  constants  for  r  =  1,2,3,^+. 
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On  the  basis  of  equations  (7)  and  (^) »  equation  (2) 


becomes ; 
(9)  71* 


^       Q, 


,  z-a_ 


du 
dz 


H, 


^       J, 


+   Z 


H_ 


z-a. 


u  =  0. 


We  note  that  Z 

r=l  (z-Sr) 


2"  naiBt  be  of  the  form 


Z  A.z- 
1=0 


^       J, 


TT(z-a  ) 
r=l 


•,  and  Z 
r=l 


z-a. 


must  be  of  the  form 


Z  B«z^ 
1=0 

m 

Tr(z-a_) 
r=l 


In  order  for  infinity  to  be  a  regular 


singular  point  of  equation  (2). 

We  now  assume  a  solution  of  equation  (9)  in  a 
neighborhood  of  z  =  a,  to  be : 

X    ^        X+n 
(10)    u(z)  =  c  (z-an)   +  Z  c  (z-a,)    ;  where  c  ^  0. 

n=l 


Differentiating  equation  (10)  with  respect  to  z, 


we  get: 


X-1 


00 


X+n-1 


(11)  u'(z)  =  c_X(z-a, )    +  Z  c_,(X+n)  (z-a-,)     ,  and 

°  n=l  " 

differentiating  equation  (11)  with  respect  to  z,  we  get: 

X  —  ?         ^  \+nmmP 

(12)  u«(z)  =  c  X(X-l)(z-a  )    +  Z  c  (X+n)( X+n-1) (z-a^)     . 

n=l 
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Substitution  of  equations  (10),  (11),  and  (12) 

Into  equation  (9)  yields: 

X  ?    00  X+n-2 

(13)   [c^X(X-l)(z-aT )  '  +   E  c„(X+n)(X+n-l)(z-a,)     ] 
°         ^  n=l 


X-1 


00 


X+n-l- 


r=l    tJ 


[c  X(z-a,)  '  +  Z  c^(X+n)(z-aT)     ] 
o     J-      n=l 


E 
X=l  (z-a^)2  r=l  ^-^] 


H      ^   J  ' 
r   +  £    r 


[c  (z-a, )  +  E  c  (z-a  )    ]  =  0 
o    ■»■   n=l  "    -^ 


We  are  expanding  In  ascending  powers  of  (z-a^); 

consequently  to  obtain  the  Indlolal  equation,  we  equate  the 

X— 2 
coefficient  of  (z-a^)  ~  to  zero,  thus ; 

ilk)      c^X(X-l)  +  c^Xg(G^,G2,G^,Gi^)  +  c^h(H^,H2,H^  .H^^)  =  0, 

where  g(0-j_,G2'^3 '^il^  ^^  ^(H^.H^.H,  .H^^)  are  constants  which 
we  now  determine . 

From  equation  (13) ,  let 


X-1 


^    G, 


(15)   Si,=  c^X(z-a^)     ^1^7^' 


(16)  s^  = 


r=l  ^-^1 


oo  X+n-1 

E  c„(X+n)(z-a-,  ) 
n=l  J 


(17)   S^  =  c^(z-a, )    E 


6    °    1   r=l  (z-aj.)2  ' 
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(ig)  s^  = 


r=l  (z-aj.)U 


00    ,     ,  X+n 
Z  Cjj(z-a-L) 

n=l 


(19)   Sg  =  c^(z-ai)   ^Z_^  ^  ,  and 


(20)   S^  = 


^   J, 


=1  ^-^d    |n=l  '^ 


Z  c-,(z-aT) 


X+n 


Evidently,  equation  (l6),  and  equations  {!&)    -   (20) 
contribute  nothing  to  equation  (l'+),  hence  we  examine 
equations  (15)  and  (17). 

We  may  write  equation  (15)  as  follows; 


X-1 


Si^.  =  CQX(2-a3_)     Z 


r=2  (z-a-L)  +  (a-j^-aj.) 


+  c  G,X(z-a,) 


X-2 


,X-1 
=  C-X(z-aT )     Z 


'r.  1 


r=2  a-L-a 


z-a- 


a^-aj. 


+  CoGiX(z-a-L)^"^. 


(21)   Sj^  =  CQX(z-a^)   ~  Z 


X-1  ^    Gj,   00^  ,^J,z-al 


+  c  G,X(z-a,  ) 


r=2  ^i"^r  J=0 
X-2 


•Z  (-i)-(g_^) 


We  observe  from  equation  (21)  that  the  only 

X— 2 
coefficient  of  (z-a  )    Is  c  G  X,  hence  from  equation  (1^), 
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(22)     g{G^,G^,0^,Gi^)    =  G^. 

Similarly  we  may  write  equation  (17)  as  follows; 

2 


(23)   S.  =  c^(z-a, )   E 


H, 


^'  r=2  («  .a  )^ 
1  r 


oo 


z-an  , J 


J=0        1   r 


X— 2 
+  c  H,(z-a-)    ,  and  also  note  from  equation  (1^); 

(2^)       h(H^,H2,H^,Hi^)  =  H^ .   Substitution  of  equations 
(22)  and  (2^)  Into  equation  (l4)  and  division  of  the  result- 
ing expression  by  c  yields; 

(25)  X(X-l)  +  XG^  +  H^  =  0,  or  In  alternate  form; 

(26)  X^  +  X(G^-l)  +  H;l  ==  0. 

Now  the  roots  of  equation  (26)  are  the  exponents 
at  z  =  St ,  hence  we  have 


»!  +  3;L  "  ■'■'^1'  °^ 


(27)    G-L  =  l-a^-p-^.   Similarly, 
(2g)    H^  =  a^^. 


(29) 


In  general  If  we  expand  about  z  =  a„,  then 
G^  =  l-a^-Pj,;  r  =  1,2,3,^,  and 


(30)    Hj,  =  a^Pj,. 


3^ 


Substituting  equations  (29)  and  (30)  into  equation 
(9)  yields: 


(31)     ^  + 
dz^ 


E 
Lr=l 


l-aj.-3j. 


z-a. 


du 
dz 


+  1     E 


^1^1 


+      E 


r=l   (z-aj.) 


E      ^ 
=1  z-ajj 


u  =  0 


(32) 


(33) 


We  now  recall   that 


^       J, 
E 


E  B^z" 


>      ^    i=0 

r=l  '^■-"r       — 

I  I 


(z-a 


r=l 


In  equation  (32)  we  arbitrarily  let 

Bq  =  C,    B-|_  =  2B,    and  Bp  =  A,  whence 

V    r   _  Az^+2Bz  +  C 


r=l  ^-^r 


TT  iz-a   ) 
r=l     ^ 


Substituting  equation  (33)  into  equation  (3I)  yields 
the  desired  form  of  the  differential  equation.  That  is, 


(3I+)   ^_u.  ^ 
dz^ 


I     1-^r-Pr 


_r=l  z-Sj,   Jdz 


du  + 


^1  (z-a^)^ 


Az^  +  2Bz  +  C 


r=l 


(z-a^) 


u  =  0 


We  pause  in  our  derivations  to  compute  A  in  equation 
(3'+)  in  terms  of  a  after  applying  the  restriction 
(35)    ^r  ~  ^r  "^  ^^^'      ^ollo^i^g  this,  we  will  show  that 
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the  exponents  at  infinity  may  be  expressed  in  teruis  of  a  . 
Initially  we  assume  a  solution  of  equation  (3^)  In 
a  neighborhood  of  infinity  to  be ; 


(36)    u(z)  =  c^: 


,-X 


00 
+  Z  c  „z 
n=l 


-\-n 


'o  ^   0. 


Differentiating  equation   (36)   with  respect   to   z 


yields ; 


(37)  u'(z)    =  c^(-X)z-^--^  +      I     c      (-X-n)z 


-X-1 


00 


-X-n-1 


°'       "  n=l   '-" 


,    and 


differentiating  equation  (37)  with  respect  to  z  yields: 

(3?^)    u"(z)  =  c^(-X)(-X-l)z    +  Z  c   (-x-n)  ( -X-n-1)  z   ^"^ 
°  n=l  "*" 

We  now  substitute  equations  (36)  -  (3^)  Into  equation 

{3k)    to  get: 

-X-2  "^  -X-n-2 

(39)     c^(-X)(-X-l)z    +  Z  c  ^(-X-n)(-X-n-l)z 

°  n=l  '^^ 


z 
j'=i 

l-r-Pr, 

z-aj,    _ 

r' 

^r^r 

r=l 

(z-aj,)2 

-X-1 


00 


•|c  (-X)z    +  Z  c_j./-X-h)z 
I  n=l 


-X-n-1 


J 


+  Azf 

TT  (z-a^) 

r=l     ^ 


=  0. 


Inasmuch  as  we  are  expanding  in  a  neighborhood  of 
infinity,  equation  (36)  is  an  expansion  in  descending  powers 
of  z.  Thus  the  indicial  equation  is  found  from  equation  (39) 


36 


by  equating  to  zero  the  coefflolent  of  z~  "  ,  where  (-X-2) 
Is  greater  than  or  equal  to  all  other  exponents  on  z. 
From  equation  (39) »  we  let 

(J+0)    S^  =  c^(-X)(-X-l)z"^'^ 


(i+1) 


S^  =  c  (-X)z      Z 


-X-1  !;   l-^'r-Pr 


r=l   z-a. 


(i^2) 


S,  =  c  z   Z 
3    o 


-X  J:   ^r^r 


r=l  (z-ap) 


2  ' 


(43)    S.  =  c  z-^  ^^^  -^^5^  -^  g) 


4-    o 


4 

n 

r=l 


I   (Z-Bj.) 


(i^I+) 


00 


Sf-  =  E  c_j^(-X-n)(-X-n-l)z 
n=l 


-X-n-2 


(^5) 


I  »>_i   z-a_ 


Lr=l  ^""r  _l  [r\=l 


00  .x.n.i 

L     0  „(-X-n)z 


-n 


(i^6) 


^   a  B  00      X  ^ 

c  -  T    r^r  r-      -X-n    , 

S-  =  Z  — i— i —  Z  c  z      and 

'   r=l  (z-a_)2  n=l  "^ 


i^7) 


o   _  Az^  +  2Bz  +   C        ^  -X-n 

bp,  -  L   C  ^Z 

TT   (2-a^) 
r=l     ^ 
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By  Inspection  we  note  that  equations  (^^)  -  (^??) 
contribute  nothing  to  the  indicial  equation.  We  now  examine 

equations  (^0)  -  (^3)  more  closely. 

— X— 2 
The  coefficient  of  z     equated  to  zero  is: 

ik&)  Cq(-X)(-X-1)  +  Co(-X)T2  +  CqT3  +  CqTi^  =  0, 

where  T.  are  constants  which  can  be  determined  from  the 
expression  for  S,,  (J  =  2,3,'+). 
From  equation  (^l) 

-X-1  ^ 
^2  =  °o^'^^^     f  (l-ctj,-3j,)/(z-aj,) 


-X-1  ^ 


=  o^{'-K)z'^'^      Z  [(l-aj.-pj,)/z]  i 

r=l  1  -  « 


ar/z 


=  c^(-X)z  ^  ■"  Z  [(1-a  -p^)/z]  Z  (-l)J(a  A)"',  or 


(1+9)    Sp  =  c^(-X)z'^'^  Z  (1-a  -ft  )  Z  (-l)^(a  /z)J 
"^    °         r=l    ^  ^  J=0 


Comparing  equations  ('•!■??)  and  (49),  we  see  that 

1+ 
(50)    T2  =  Z  (l-a^-Pj.). 
r=l 

Similar  to  the  above  analysis,  we  may  write 

equation  (^2)  thus; 
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^  a. 


^3  =  ^o^   ^^^  -^ 


(1  -  aT,/z)' 


,  or 


(51)    S^  =  %z"^"^_5^  ^i-Pr 


00 


E  (-l)^(a  /z)J 
r=l  "  ^  IJ=0  - 


Comparing  equations  (51)  and  C^^)  shows  that 


(52)    T.  =   Z  a  p 
^   r=l 

We  may  write  equation  ('+3)  as  follows: 


S,,    =   c   2 
4-  o 


■.X(A/z^  4   2B/z3   -t-   C/z^) 


r=  1 


%^ 


-^    (A/z2+   2B/z3   +   C/z^)    TT 

r=l 


L) 


?(-l)^(a^z)'' 


=  c 


z"^  [A/z^  +  0(z~^)]  ,  or  finally 


(53)    Si^  =  Ac^z-^-2  +  c^z-^  Co(z-3)]. 

Comparing  equations  (53)  and  (^?!)  shows  that 
(5J+)    Ti^  =  A. 

Substituting  equations  (50),  (52)  and  i^k)    into 
equation  i^^)  ,    and  remembering  that  c^  =|=  0  yields  the 
following  expression  for  the  indicial  equation: 
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(55)     X(X+1)  -  X   Z  (l-a  -Pj.)  +   E  aj,3j,  +  A  =  0. 
r=l  r=l 

We  now  apply  the  restriction  given  by  equation  (35) 
to  equation  (55),  and  recall  that  Infinity  Is  an  elementary 
singularity  to  get;  [5.  P.  ^951 


X(X+1)  -  X  Z  (1-a  -a  -1/2)  +   Z  a^(a  +1/2)  +  A  =  0, 
r=l    ^  ^        r=l  ^  ^ 


or  upon  rearrangement, 

(56)  X*^  +  X  [-1  +  2  i:  aj.]  +   Z  aj.(aj,  +  1/2)  ->-  A  =  0 . 

r=l      r=l 

Let  the  roots  of  equation  (56)  be  X^  and  X^,  then 

^      p      ^  1/2  1 

(57)  ^2  -  ^1  =  ^^^   ^  Oir'^r   '  H    ^   aj,(aj.  +  1/2)  +  A]}  '  =  ^ 

r=l  r=l 

We  square  both  members  of  equation  (S7)  and  simplify 
to  get: 

(5^)    A  =   Z  aj,   -  Z  aj.  -  3/2  Z  a,.  +  3/l6. 
Li*=l  J     r=l         r=l 


Equation  (5^)  expresses  A,  In  equation  (3'+)i  as  a 
of  a  only.  We  now  substitute 
Into  equation  (56)  and  simplify  to  get; 


function  of  a  only.  We  now  substitute  equation  (5^) 


ko 


(59)    X^  +  X[2  i:  a  -  1]  +  I  Z  a 


r=l 


Lr=l  ^ 


-   Z  aj.  +  3/16  =  0, 
r=l 


Solving  equation  (59)  for  the  exponents  at  Infinity 


we  get; 


X  = 


[1  -  2  Z  aj,]  +  R 
r=l 


,  that  Is, 


(60)     \^  Byr,  = 


[1  -  2  Z  a^]  +  R 
r=l 


,  and 


(61)    X,  = 


[1  -2  Z  a  ]  -  R 

r=l   ,  where  y      and  y      are  the 


exponents  at  infinity,  and 

R^  =  [2Zaj,  -  1]^  -  l^[(Zaj,)^  -  Zaj,  +  3/l6],  or 

(62)    R  =  lA.   Substituting  the  values  of  R  given  by 
equation  (62)  into  equations  (6o)  and  (61)  yields; 


(63) 


"Vl 


=  1/k   -  Z  a    and 
r=l 


(61+)    Y2  =  3A  -  2  oij.. 
r=l 

Equations  (63)  and  (64)  display  the  exponents  at 
infinity  as  functions  of  cx^only.  Further,  we  note  that 
infinity  is  an  elementary  singular  point  since  the  expon- 
ent difference  at  infinity  is  1/2.   [5,  p.  14-95  ]• 
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We  continue  the  derivation  of  certain  differential 
equations  of  mathematical  physics  by  first  obtaining  the 
generalized  Lame  equation,  [1^,  p.  20l4- ] .   This  Is  accomplished 
by  applying  restriction  (35)  to  equation  (3^+),  thus  : 


(65)  ^^ 


k      1/2  -  2a 

E  

Lr=l    ^-^ 


r  !  du 
dz 


£  '^r^^r  -*•  V^)  ^.  Az^  +  2Bz  +  C  |  ^  ^  q  ^ 

J 
I  (z-aj,) 
r=l 


r=l   (z-a^,) 


where  A  Is  given  by  equation  (5^),  and  B  and  C  are  constants. 
VJe  will  now  specialize  equation  (65). 

Lame's  Equation 
Equation  (6^)  may  be  vfrltten  as  follows; 


_X.  d^u    \    ^   1/2  -  2aj,   1/2  -  %  ^, 

(66)   7l  (z-a  )^  +   Z  ^  +  ^1  117(2- 

r=l    "^  dz"^   Lr=l  z-aj.       z-a^  _l  r=l 


r  dz 


+^(z-a^) 
r=l 


3  a^ia.^  +   1/2)  _^  a4(ai^  +   1/2)  ^az2^^bz+c 


r=l  (z-a^) 


z-a. 


z-ai 


u=  0, 


In  equation  (66),  we  set  a^,  =  0,  (r  =  1,2,3,4-), 
let  ai^-^oo  ,  let  SB  =  n(n+l)ai^,  C  =  hai|/i^,  A  =  3/l6,  then 

divide  both  numbers  by  H  (z-a  )  to  get; 

r=l 


k2 


(67)  ^  + 


du 
dz 


Llm        3z^  + 

z(n^+n)a^^  +  ha^^ 

'Hz-aj^) 

3 

il 
r=  1 

(z-a^) 

u  =  0. 


(6g)  ^  + 


Equation  (67)  Immediately  simplifies  to 


dz' 


du 


2   |_r=i  2(z-aj,)  jdz 


L 


n(n-»-l)z4  h  u  =  0. 


r=l 


We  classify  equation  (6?5),  In  the  notation  of 

p 
Ince  [  5,  p.  ^97 1»  as  an  equation  of  the  [3,1,0]  type. 

Equation  (6^0  Is  Lame's  equation. 


Mathleu's  Equation 
In  order  to  derive  Mathleu's  equation,  we  consider 
equation  (65)  and  let  a-j_  =  a^  =  0,  ^  =  ^2  ~  ^/^i  a-j_  =  0, 
ap  =  1,  a-,  — »- 00  ,  and  a^  — *- 00  .   From  this  information,  and 
from  equation  (3?),  A  =  2a  a^^  -  3a  /2  -3aj^/2  +  3/l6.   V/e 
now  choose  23  =  -2qa,ai^,  and  C  =  -  (a  -  l6q)a-,ai^/^. 

^The  expression  [a,b,c]  characterizes  an  equation 
with  the  following  properties; 

a  =  the  number  of  elementary  singularities, 
b  =  the  number  of  non-elementary  regular 

singularities,  and 
c  =  the  number  of  essential  singularities. 
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We  substitute  the  preceding  Information  Into 
equation  (65)  to  get; 


(69)  ^+  I  J-+  ..A^^ 


__ ^   1/2  .  gg^   1/2  -  2at,n^^ 

2z  "^  2(z-l)  ""    (z-a  )      (z-aj^)  J  dz 


a.^(a.^  •<•  1/2)    ^i^idi^   +  1/2) 


L    <2-«3^ 


(z-a^^) 


(2a,ah-2a,-2a,,+-^)z^-(gqa,a,,  )z-(a-l6q)a-,ai.)/'+ 


^  l^^l^^rfVIVli 


3"i|. 


^3"i^' 


z(z  -  l)(z^  -a^z  -  ahZ  +  a-,ah) 


^1 

-  u  =  0 


J 


We  rearrange  equation  (69)  slightly  thus: 


(70)  ^  + 

dz 


_L  +   .  1    +  

2z   2(z-l)      (z-a  ) 


1/2  -  2a-,    1/2  -  2ai 


i-f 


n 


^  du 


(z-a|^)  Jdz 


a^(a^  +   1/2)    a,^(at^  +  1/2) 
(z-aij^) 


(z-a,) 


( 2a-,ai, -^a^-2a|,+-^)  z2 

^  ^  2  ^  ^  ^  1^    .  gqz  .  (a.l6q) 
a^ai;  i+ 

z(z  -  l)(z^/a,a).  -  z/ai,  -  z/a  +  1) 


^3'^i; 


u  =  0. 


J 


In 


equation  (70)  we  let  a-7— >-oo,  ah— ^00,  hence 


^7^11 —^  00  »    to  get; 

(71)      d^  +      r-i-4- i -ldu_ra-l6g+12azi  Q 

dz^  2z   2(z-l)^z  ^z(z-l)      ■^''       '^^ 


kk 


We  digress  at  this  point  to  Investigate  the  method 
of  removing  p(z)§^  from  equation  (2). 

We  begin  by  making  the  variable  transformation: 
z  =  f (w) ,  and  recall  that 


(72) 
(73) 

(7^) 


du  =  du  ,  dw    ^^ 
dz   dw   dz 

d  u  ^  du  ^  dfw  ^  dfu 


dz' 


dw 


dz' 


dw' 


dw 

dz 

I I 


Substitute 


equations  (73)  and  (7^)  Into  equation  (2)  obtaining: 

(75)    d^  dw p  +  dfw  +  p(2)dwidu+  q(2)  u  =  0- 
dw2[_dZj     [clz2       dzjdw 

We  now  wish  to  require  that 


(76) 

(77) 
(7^) 


d_w  +  p(z)dw  =  0.  Then  we  let 


dz' 


dw 
dz 

dv 
dz 


dz 


hence  equation  (76)  becomes 


+  p(z)v  =  0.   v/e  separate  variables  In 


equation  (7^)  and  Integrate  to  obtain: 

(79)    V  =  c-^e'^'P^^^^^.      Substitute  equation  (77)  Into 

equation  (79)  ^^^   Integrate  once  more  to  obtain: 

(go)    w  =  c-^fe'^'P^^'^^   dz  +  C2,  where  c-^   and  05  are 
are  arbitrary  constants  of  Integration. 
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Comparing  equations  (2)  and  (71)  we  see  that 

(51)  p(z)  =  -i-+ i .  We  now  choose  Cn  =  0,  and 

2z     2(z-l)  '^ 

substitute  equation   (Si)    Into  equation   (SO)    to  get: 

w=  ci/e-^^^/2^  -  ^^^/2^^-^^dz 

-  ^In  z  -  kn(z-l) 
«=  c^ye     ^  «^  dz. 

w  =  c,/  =2 — ryr-  .  Thls  may  be  written  as 

[z(z-l)]^/^ 

(52)  w  =  c./ ^^ 


^   [(z-l/2)2  -  l/l+]^/2  • 


In  equation  (S2) ,  let  z  -  1/2  =  1/2  sec  ©, 
then  dz  =  1/2  seo  9  tan  ©  d©,  and  substitution  Into 
equation  (S2)  gives  us,  after  some  simplification: 
(S3)    w  =  02^/  sec  9  de,  or  finally, 

(S^l)    w/c,  =  In  (sec  ©  +  tan  ©)  .  But  sec  ©  =  2z  -  1, 

1  /p 
hence  tan  9  =  2(z2  -  z)    ,  hence  equation  (S^)  becomes: 

w/c^  =  In  [2z-l  +  2(z2-z)^/2],  or 

(g5)    e"/°l  =  (2Z-1)  +  2(z2-z)l/2. 

Solving  equation  (S5)  for  z,  we  get 

z  =  oosh^  (w/2c, ) ,  or 

z  =  cos^  (lw/2c^)  .  We  now  choose  c-j^  =  1/2  so  that 
(tS)  z  =  cos^  w. 


k6 


Equation  (36)  Is  the  desired  transformation,  which 
was  outlined  In  general  by  equation  (72). 

For  z  =  cos  w,  equation  (73)  becomes; 

(gy)     du  ^  _  ^g^  2^  du  ^ 
dz  dw 

From  equation  (86), 

-1  r— 
w  =  cos   vz  ,  whence 

^  = -^ ,  and 

dz        ' 


2  Vz(l-z) 
1  -  2z 


2 
d^_w  ^  — 1  ~  2z —  ^   g^^  jj  _,  cQs  w,  hence 


/cjj2>  d  w  _  1-2  cog^w _        2  cos   2w 

^    ~2  ~  ~ 2 h     ^3/2 3 

dz    4(cos  w  -  cos  w)        sin  2w 

Substituting  equations  (^7)  an<i  {f^S)   Into 
equation  (7^4-)  yields; 


W) 


d_u  ^   .  2   cos  2w  ^  du  ^  (.i/sin  2w)  ^  ^ 
dz^     sln^  2w    ^^  dw^ 


Substituting  equations  (87)  and  (g9)  Into 
equation  (71)  v/e  get; 


^1 


(90) 


dw'^   sln^  2w    *^" 


-  r — - —  +  — ^^ — 1 

[_2   cos^  w   2(cos^  w  -  1)  J 


CSC  2w  M 
dw 


a  ~  l6q  +   32q  cos^ 


pa  ~  Ibq  ^-  32q  cos'^  ''^~|u  =  0. 
L^  cos^  w(cos2  w  -  1)  J 


Multiply  both  members  of  equation  (90)  by 


sin  2w  to  get; 


tm\  d  u  .  r  -  sin  2w  .  sin  2w     2  cos  2w  n  du 

i91J    — :?  +        5   "^      5  "    Hw 


dw' 


[ 


P  2 

2  COB  w   2  sin  w 


sin  2w 


dw 


[ 


a  .  I6q  -H  32q  cos^  ^-](sin^  2w)u  =  0. 
^(cos^  v.')(cob2  w  -  1)  J 


In  equation  (91)  we  notice  that 


sin  2w 


Also 


-  sln'^  w  +  cos'^  w 


?      ? 
sin-  w  cos  w 


sin  2w  cos  2w  _  2  cot  2w. 


;lr^ 


2w 


4(cos^  v^(cos2  w  -  1)  =4-  sln^w  cos^w  =  sln22w. 
Substitute  these  Identities  Into  equation  (91) 


to  get; 
(92) 


d  u 
dw~ 


-  (a  -  l6q  +  32q  cos  w)u  =  0 


Again  we  note  that  cos^  w  =  1/2  +  1/2  cos  2w, 
and  substitution  Into  equation  (92)  yields: 


kfi 


^-Ji  -  [a  -  l6q  +  32q(l/2  +  1/2  cos  2w)  ]u  =  0 ,  or 

,2 
(93)    a_^  -  (a  +  l6q  cos  2w)u  =  0. 

Equation  (93)  Is  Mathieu's  equation  and  Is  classified 
In  Ince  as  being  of  the  [2,0,1]  type. 


Legendre ' s  Equation 

In  order  to  derive  Legendre's  equation,  we  refer 
to  equation  (65)  ,  and  let  a-j^  =  82  =  1;  a^  =  aj^  =  0, 
a,  =  ttp  =  a^  =  0,  and  a|^  =  1/^. 

Substituting  these  values  Into  equation  (65)  yields 
the  following  equation; 


(9I+)   dji  +  |-i/22  +  l/(z-l)]^  + 
dz^  dz 


± 


Az  +  2Bz  +  C 


l6z2 


'(z-l)2   J 


u  =  0 


We  can  write  equation  (9^)  as  follows; 


^  +    [1/2Z  +   l/(z-l)]^ 
dz2  d2 


^1 


^("•^1)    -  -S-  li =  0,    coiDDare   the 

z  z-1  z(z-l) 


coefficients  of  u,  and  hence  determine  values  for 
A,  B,  C  In  terms  of  ra  and  n. 


^9 


Thus 


I6z2 


Az^  +  2Bz  +  C  _  1 


3i(n-H) 


z2(z-l)2     '+Lz^(z-1)    z(z-l)?. 


Simplifying  the  above  Identity  we  get; 


-i(z-l)2  +  (Az^  +  2Bz  +  C)  =  l[n(n+l)(z-l)  -  m^z], 
16  H- 


-irz2  -  iz  +  -V 
16    g    16 


+  Az^+  2Bz  +  C 


i-[z(n2+n-ra^)  -  n^-n],  or 


z'^(3/l6  +  A)  +  z(2B  -  3/g)  +  (3/lb  +  C) 


z(n2-fn-m2)   n  ->-n 
1|     '      k       ' 


Equating  coefficients  of  like  powers  of  z  we 
obtain  the  following  set  of  equations; 
(95)    A  =  -  3/l6 

B  =  3  ■*■  2(n^+n-m^) 
16 


(97)    c  =  '^^"^f""^) 
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(92) 
(99) 

(100) 


We  now  make  the  variable  trans formation 

z  =  w"^,  and  deduce  from  equations ( 73)  and  (7^)  that 


'^y-'   T^.  a^^ 
dz     2   dw ' 


du     1,  ^  du 
2^  dw' 


.2    ,  .  .2 
d  u 


dz 


dw' 


v;e  now  substitute  equations  (95)  -  (100)  into 
equation  (9^)  to  get; 

1 


(101) 


1^,6  dfu  ^  3^5  J  ^  ^^   -5^  r^3  ful 
r  dw2   ^  ^^    L^    w-2  -  JL^   ^^J 


.  -i-w-^  +  (3-*-2D^+2n-2m2)w~2  _  4n2^^4n-^3 


16 


IT 


16 


'^1    -2   ,.2 
w  (w   -  1) 


u  =  0 


We  now  simplify  equation  (101) .   The  coefficient 


r^f   du  .  „  . 

°^  d^  ^^• 


^      '^    2(l.w2)    2     2(l-w2)  • 


Let  T  represent  the  coefficient  of  u,  then 
equation  (101)  becomes; 
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(102) 


(103) 


1^6  dfu  ^  ^^[l   . 
yjhere 


_2   Ifd-w^L 


du 
dw 


+  Tu  =  0, 


16  l6w-^(w-2  .  1)2 


3w^  +  -3w^  -f  (6+Ung-^Un-^t;m^)w6  -  (^n^-^^n+3)w^ 
16  l6(l-w2)2 

[3w^  -  6w6  +  3w^  -  3w^  +  6w6  +  iln^w^  +  4nw6+  i^m^w^ 
-  Un^w^  -  4nw^  -  3w^]/[l6(l-i^f2)2] 

4(l-w2)2 


nw2(n.l)(l-w2)  ,  ^2^   ^^  ^^^^^^ 
i|(l-w2)2      i|(l-w2)2 


(10i|)    T  =  ~ 


n(n+l)  _^    m2 
_l-w2    (l-w2)2 


Substitute  equation  (104)  Into  equation  (102) 

to  get ; 

2 
(105)   iw6  iJi  +  w5 


L2    2(l-w2lJ 


du 
dw 


.   w6 


2iS±lI  +  !S!_  u  =  0 

_l-w2    (l-w2)2j 
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Multiplying  both  members  of  equation  (I05) 

"^y       ^■^"   '^vie   finally  obtain  Legendre's  equation: 

2 
(106)    (l-w2)^  .  2w  1^  +  [n(n+l)  -  m^/{l'Vf^)]u   =  0. 
dw2      dw 

This  equc^tlon  has  been  classified  by  Ince  as  an 
equation  of  the  [1,2,0]  class. 

Bessel 's  Equation 
From  equation  (65),  we  let  a^,  =  0,  r  =  1,2,3,4; 
a,  =  ap  =  0;  a.,  =  a|,,  and  we  let  a,  — >  co  .   Substitution 
of  this  Information  Into  equation  (65)  yields  the  following 
equation; 


d__u  J.   l.du  ^        T-.         Iaz^  +   2Bz   +    C 


(107)      M+r-7r+      Lim 

2        z   dz        a_  — »-  00 


dz-        -    -        -3  ^    "    ^-   ^3 


L    z2(z-a,)2 


u  =  0 


From  equation  (5^),  A  =  3/I6,  and  we  arbitrarily 

IP  r.2  2 

choose  2B  =  r-  a   ,  and  C  =  -  "  ^3  . 

Substitution  of  these  values  into  equation  (10 7) 
gives  us; 
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dog) 


d  u  ^  i.du  ^ 
dz2   z  <iz 


Lim 
a_ --^  00 


2  2 
n  a, 

J.  ^2  +  1  „2    I 


L 


z^Cz-a^)^ 


u  =  0, 


V/e  may  rearrange  equation  (102)  slightly  as  follows 


2 

n.2  d  u  .  ^  du  ,  j.^ 

Z   — r  +  z  -r —  +  Llm 

,„2     dz  a,  — ^  00 

dz  3 


-7  2        2 
Iba, 


(z/a  -1)2 


u  =  0, 


and  hence  equation  (lOS)  finally  becomes: 


(109)    2^^+  z  Ji+^  (z-n2)u  =  0. 
dz2     <iz   ^ 

We  now  make  the  variable  transformation: 


(110)   z  =  w  .  Then  In  accordance  with  this  transfor- 
mation, equations  (73)  and  (7U)  yield: 

, ^  ^  _ .    du   1  du     , 

111    TT  =  T--T~   »  ^^^ 
dz   2w  dw 


(112) 


dfu 

dz^ 


dw 


d  u  _  l.du 
2   w  dw 


W= 


Substitute  equations  (110) 
to  obtain: 


-  (112)  Into  equation  (I09) 


5^ 


dfu   1  du 
dw2  "  w  dw 


-i-i^^t-'-')--°- 


Simplifying  equation  (113)  yields; 

2 
^^   d_u  _  (^.2^)du  +  (^2.^2)^  =  0,  or  finally; 

dw2        ^^ 

(lll|)    w2  ^  +  w  ^  +  (w2-n2)u  =  0. 
dw2     ^w 

Equation  (11^)  Is  Bessel's  eqiAatlon  and  Is  classified 
by  Ince  as  an  equation  of  the  [0,1,1]  class, 

Weber's  Equation 

We  begin  the  derivation  of  Weber's  equation  by 
considering  equation  (65)  where  we  let  a^   =  0;  r  =  1,2,3,^; 
a-,  =  C;  and  a2  =  63  =  ai^.;  and  aj  —  00  .   Prom  equation  (58) 
we  note  that  A  =  3/l6.  We  choose  B  =  a^/32,  and 
C  =  -(n+  l/2)a^A. 

Substitution  of  the  above  information  into 
equation  (65)  gives  us  the  following  equation; 
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(115)   ^+^-f7-^«^^V 

^^^2   2z  az   Bp  — ^  CD 


1^.3 


3zVl6  -^  a^2/l6  -  (n-^  f)a^^ 


2(z-a2)^ 


u  =  0 


Equation  (115)  niay  be  rearranged  slightly  as  follows; 


(116) 


(117) 


d  u  .  1  .du  .  T  4m 
+  — • —  +  Llm 

^2^   2z  dz  a2-*oo 


J_.z^+  z/l6  -  (n+  i)A 

16  a^  ^ 

2 


z(z/a^  -1? 


u  =  0, 


which  becomes  upon  letting  a^  — »-  oo 


d£u  ^  J^.du  _^ 
dz2   2z  dz 


(n4  1/2) A  -  z/l6 
z 


u  =  0,  or 


(112) 


(119) 


z  ^  +  ^  fl  +  [(n+l/2)A  -  z/l6]u  =  0. 

We  now  make  the  variable  transformation; 

2 
z  =  w"^ . 

In  order  to  verify  that  z  =  w^  is  the  desired 


transformation  which  will  remove  the  first  derivative 
term  from  equation  (11?),  we  refer  to  equation  (SO),  in 

2z 


which  p(z)  =  -^  .  We  then  obtain  from  equation  (SO) 


^  -/dz/2z 
w  =  cWe        dz  +  C2 


-(In  z)/2 
=  cWe         dz  +  Cj 


.  -1/2 
=  c, /z     dz  +  Cp ,  or 
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1/2 
w  =  2c-,  (z   )  +  Cot  v;here,  as  before,  c-^   and  c^ 

are  arbitrary  constants  of  integration. 

1/2 
Choose  Cp  =  0,  and  c-j^  =  1/2,  then  w  =  z    ,  or 

z  =  w   ,  as  desired. 

Utilizing  equations  (73)  and  (7^)  in  accordance  with 

equation  (119)  yields: 

/ , ^^ \   du    1  . du 
(120)   --  =  — •—  ,  and 
dz   2w  dw 


(121) 


d^u 


1   d'^u 


1  du 


dz^   l|w2  dw2   1|k3  ^"  • 
We  now  substitute  equations (119) ,  (120),  and  (121) 
into  equation  (llS)  to  get; 


2w  dw 


(122)        w2     -l-.l-^  .  a^.|^     .1 
|j+w2  dw2        l+w3   ^^         2 


+    [(n+  l/2)/i+   -  w2/l6]u  =  0. 
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Multiplying  both  members  of  equation  (122)  by  k 
gives  the  f olloviing  equation  : 

2 
(123)   ^  +  [(n  +  1/2)  -  w2/4]u  =  0. 

Equation  (123)  is  Weber's  equation,  and  is  an 
equation  of  the  [1,0,1]  class. 

Stokes  *  Equation 
To  derive  Stokes'  equation,  we  refer  again  to 
equation  (65),  let  a  =0,  (r  =  1,2,3,^),  and  let 
a  -*  00  ,  (r  =  1,2,3, U).  ^'^6  then  get  from  equation  (65): 

Az^  +  2Bz  +  C 


,2 
(12l|)    iJi  +   Lim 


dz^   ^1  — ooL   (z-a^)^ 


u  =  0. 


From  equation  (525),  A  =  3/l6,  and  we  arbitrarily 
choose  2B  =  B,a-,  ,  and  C  =  C  a   . 

Substitution  of  these  values  into  equation  (12^) 
and  slight  rearrangement  gives  us  the  following  expression, 

,2,  r3z^/l6a,^  +  B^z  +  C-,1 

(125)  ^  -^  ^  Lim^  — ^ 1 ^  u  =  0. 

dz2   a^  — odL     (z/a^-i)^     J 

Letting  a,— ^00  in  equation  (125)  yields: 

ri2„ 

(126)  ^  +   (B,z  +  C,)u  =  0. 
dz"^     ^  ^ 
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We  now  make  the  following  dependent  variable  and 
independent  variable  transformations ; 

1/2 
(127)   u  =  (B^z  +  C^)    V,  and 

2/3 
(12g)    3^z  +  C^  =  (3B^w/2)  '  \ 

Now  from  equation  (127)  we  get; 

B  V 

(129)  t^  =  (B^z  +  C^)^/^  dJ  "■  ^  ^^\^   -^  C^)"^'^^,  and 

^^2  -  ^  V  ^  ^1^     ^       ~       1     1      ^ 

2 

-  -^  (B^z  +  C^)"^/^  +  -^  (B-lZ  +  C^)'^^^  g  .  or 

(130)  ^  =  (B^z  +  C^)^/^  ^  -h  B,  (B,z  -H  C-.  )-^/^  f. 
dz2     -^     -^     dz2    ^     ^  ^  dz 

2 

-  -\-   (B^^z  +  C^)'^/^. 

We  now  substitute  equations ( I30)  and  (127)  into 
equation  (126)  to  get: 


(131)    (B,z  +  C,)-'/''  ^  +  B,(BtZ  +  ZS         — 


V2  d^v  ^  „  ,.  _  .  .  x-1/2 
2 


dz2    -L  J-     ■»■      dz 


^T^  -3/2  3/2 

-  -A-  (B^z  +  c-l)  ^'    +  (B^z  +  (:^Y'     V  =  0. 
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Now  from  equation  (123)  we  have; 

Bi  |g  =  I  (3Biw/2)"^/^  (3Bi/2)  =  (3B-Lw/2)"^'^^  or 

(132)        —  =   (3B,w/2)''"^-^.      Hence  It   folloxvs   that 


(133)   tf  =  OBW2)'''  i  . 

Prom  equation  (133)  we  get; 

(13^+)    ^  =  {3B,w/2)^/^  ^-^  +  ^  (3B,w/2)-2/^(3B,w/2)^/^|v. 
dz2      -^        dw^  ^2    2     1  1       dw 

Substitution  of  equations  (12g) ,  (133),  and  (13^) 
Into  equation  (131)  gives  us  the  following; 

2 

(|Biw)  l-I-f-l^+B,  ^-4-  (3B,w/2)  "■ 
dw2    2  dw    1  dw    k        ^1 

+  (3B-LW/2)  V  =  0,  or 

(135)  ^^1^)  ^  -^  I  ^1—   +  i:3B.w/2  .  B,/6w]v  =  0. 

Multiplying  both  members  of  equation  ( 135)  t>y 
2w/3B,  gives  us  the  final  result: 

2 

(136)  w2  ^  +  w  f^  +  (w2-  l/9)v  =  0. 

dw2     ^^ 


6o 


Equation  (136)  is  Stokes'  equation  and  has  been 
classified  by  Ince  [5,  p.  ^97  1  as  an  equation  of  the 
[0,0,1]  class. 

The  foregoing  analysis  has  been  an  introduction 
to  second  order  linear  ordinary  differential  equations  with 
five  regular  singular  points.   The  derivation  and  classifi- 
cation of  certain  confluent  forms  has  also  been  given. 


CHAPTER  III 


SOME  CONSIDERATIONS  OF  A  DIFFEREOTIAL  EQUATION 
WITH  n-REGULAR  SINGULAR  POINTS 


Consider  the  differential  equation 


(1)   Cu^   5  ^-^r-Pr  du^   5  _ir!r.  +  ?  JjL 
dz2    ^^   z.aj.   dz    j,^i  (2-ar)2   r=l  ^'^i 


All  points  Including  Infinity  are  ordinary  points, 
except  the  points  a^ ,  a_,  ...,a  .  The  points  a,,  a„,  ...,a 
are  regular  8lng\ilar  points  with  exponents  a^^,  3-,  ;  a^,    ^o* 
...;a^,  3jj,  respectively. 

In  order  to  assist  In  the  future  development  of  this 
study,  we  wish  to  show  that 

(2)  Z  (aj.  +  pj.)  =  n  -  2, 
r=l 

(3)  \   Jr  =  0, 
r=l 

n 
{k)  Z  (awJp  +  a^pp)  =  0,  and 

r=l     * 

n    p 
(5)   ^,  iapr   +  2aj.aj^j,)  =  0. 
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Let  us  write  equation  (1)  as  follows 
(6)    d2u  ^  po-^EiZ  -^  ...  -^  E„.i^"-^[  du 
d^       j_  (z-ai)(z-a2)"-(z-a^)J  ^^ 


2n-2' 


_(z-a^)  (z-a2)  •"(z-a^)  J 


u  =  0,  or  alternately, 


(7)   du  ^  p(^)  du  +  q(^)  ^  =  0^ 


— ? 


dz 


where 


E„+E, z  +  . . .  +  E  T  z 
(g)    p(z)  =  -O-  i ^-1 


n-1 


(z-a-,^)(z-a2)  *  *  '^^"^^ 


(9)   q(z) 


_  F^-HF^z  -H  .  .  .  -^  Fg„,2Z^-g 
(z-a^)  (z-a^)  •••(z-a^) 


,  and 


E^,  (1  =  0,l,2,...,(n-l)),  and  F^,  (i  =  0,1,2 (2n-2)) 

are  constants  to  be  evaluated. 

Expanding  equations  (S)  and  (9)  In  partial  fractions 
yields ; 
(10)  p(z)  =  -^  +  -22_+   _  +  _5n_  ^  and 


Z-Bn     Z-ar 


z- 


(11)   q(z)  =  ^  + 


^ 


+  .  . .  + 


"n 


(z-a^)    (z-a^) 


<^-V 


Jt     Jp  J 

+  — ^=—  +  — ^—  +  .  .  .  + 


z-a,    z-ao 


n 


where  the  constants  Gj,,  Hj,  and  Jj,,  (r  =  1,2,  ..  .;t)  will  be 
evaluated  presently. 
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Substituting  equations  (10)  and  (11)  Into  equation 
(6)  we  get: 


(12) 


dz2 


^1     ^2 


G, 


Z^3^        Z^Qrj 


z- 


^ 


dz 


»n 


U-a^)^   (z-a2)^ 


'^l     ^2 

+     i—  +  ^—  + 

z-a,   z-ao 


z-a. 


(z-a^) 


u  =  0. 


We  now  assume  a  solution  of  equation  (11),  in  a 
neighborhood  of  z  =  a-,  ,  of  the  form; 


CD 


X+m. 


(13)    u  =  £  c^(z-ai)^-^^;  c^^   0. 
ni=0 


Differentiating  equation  (13)  with  respect  to  z 


yields; 


X-1 


00 


X+m-1 


ilk)  u'  =  CQX(z-a-L)^--^  +  I  Cni(X+ni)(z-a;j_)^"'"--^,  and 

m=l 

differentiating  equation  (1^)  with  respect  to  z  yields: 

00 


X-2 


(15)    u"  =  c  X(X-l)(z-a^)''"^+  E  Cjjj(X+m)(  X+m-1)  (z-a^) 

ni=l 

V/e  now  substitute  equations  (13)  i  (1^),  and  (15) 

into  equation  (12)  to  get: 


X+m-2 


ek- 


(16)   CoX(X-l)(2-a,)^"^  +  Z     Cj^(X+m)(X+m-l)(z-a^)^"^""^ 

m=l 


Z 


r=l  z-a 


n 

+  1  E 


|_  °     ■'■       m=l  °        -^ 


+  Z 


[_^1  (z-ar)2   r=l  z-a^ 

r         X    00 

•[_Co(z-ai)   +  Z  Cjn(z-ai 

ID— X 


)^+^   =  0. 


We  recall  that  a  ,  (r  =  l,2,...;i)  are  finite  distinct 
regular  singular  points.   Also  we  are  expanding  In  ascending 

powers  of  (z-a,).   Therefore,  we  obtain  the  Indlclal  equation 

X-2 
by  equating  to  zero  the  coefficient  of  ( z-a  )    .  Then 

(17)   CoX(X-l)  +  CoXg(Gi.G2,...Pn)  ^   CQh{ti^,H2, . . .j^)    =  0, 
where  g(G-,  ,Gp,  . .  .,G  )  and  h{E^,H^,  . .  .H)    are  constants  which 
we  now  determine . 

Prom  equation  (l6),  let 


''"'  ^i^rji^y  ■[<=o^<^-^i''''5' 


or 


(19)  s,  = 


x-i 


=  [^I^]  •  [O^MZ'B^)  ] 


y. 


n   G«  -. 


X-1 


2  z-aj,  J 


I  •  [  CQX(z-a3_)  "  ] 
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(20) 


(21) 


Now  write 


So  = 


r=2    ^ 


c^X(z-a^) 


X-1 


as  follows : 


r=2  ^-^1  ^   ^1-^r 


•  CQX(z-a3_) 


X-1 


5oX(2-a^)^-l] 


?   ^^ 


r=2  ^l"^r 


z-a 


a.^  -a 


i  + 


l-"r 


S2  = 


CQX(z-a-L)^"^|  •  E 


a^-a 


r^  ?'(-l)V.^ 


a, -a. 


r=2Lfl  r  J=0      °1  "ry 
Substituting  equation  (21)  Into  equation  (19)  yields: 
X. 


(22)    Si=  [c,X(z.a  )^-l]^  A_. 


+   Z 
r=2 


00 


!>, 


from  which  we  observe  that  the  least  exponent  on  (z-a-j^)  Is 

(X-2),  and  the  corresponding  coefficient  of  (z-a]_)    Is 

y       ^r 
*^o^*^l'   We  thus  conclude  that  ^  Z'-a     contributes  nothing 


r=2 


The  sole  contribution 


to  the  Indlclal  equation. 

from  — ±— ,  hence  In  equation  (17),  g(GT ,Gp, . . . ,G  )  =  G,  , 


comes 


and  equation  (17)  now  becomes: 
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(23)   CqX(X-I)  +  CqXG-l  +  c^(H3_,H2,  ...  H^)  =0,  or 
since  c^  0  by  assumption,  equation  (23)  becomes: 
[2^)      X(X-l)  +  XG3_  +  h(H3^,H2,  ...  H^^)  =0 

We  note  In  passing  that  from  equation  (l6) 


,  n   Or.  "I 


Z  C3i(X+m)  (z-aj^) 
m=l  ^ 


contributes 


nothing  to  the  Indlclal  equation  since  the  least  exponent 
on  (z-a-,)  In  the  above  expression  Is  X-1  >  X-2. 
Returning  to  equation  (l6),  we  let 


(26)   Sh  =  Co(z-ai)^  \    i^ 

°    -^   r=l  (z-Qj,)2 


(27)   S^  = 


n     H, 


.^1  (z-aj.)^. 


00         X+i^ 


(2g)   S^  =  c  (z-a,  )'^  Z  — i—  ,  and 
o    o    J-   r=i  z-a^ 


(29)   S^  = 


n   J, 
r=l 


z-a. 


E  Oin(z-ai) 

m=l 


We  observe  that  the  least  exponent  on  (z-a^^)  In 
equation  (27)  Is  X-1  >  X-2.   Similarly  the  least  exponent 
on  (z-a-j_)  In  equation  (28)  Is  X-1  >  X-2,  and  In  equation 
(29)  the  least  exponent  on  (z-a^^)  Is  X  >  X-2,  hence  equations 


67 


(27)  -  (29)  contribute  nothing  to  the  Indlclal  equation. 
The  only  contribution  to  the  Indlclal  equation  comes  from 
equation  (26) . 

Let  us  write  equation  (26)  as  follows: 

X  5     Hr 


h'  % 


^--l^'-^^%^^-l^'^ 


(z-a^) 


r=2  (z-aj,)^ 


,  or 


S^  =  c^(z.a,)^-2  •  "l^  %^--^l)'  rh 


This  may  be  written  as  follows: 


H  "  %"i^2-^i^^'^  ■*■  °o^^'^l^^  ^ 


(z-aT  +  BT-a-) 


l~«r' 


r=2 


(ai-a^) 


1+ 


a^-a^ 


We  may  write  the  above  expression  for  Si|  as  follows: 
(30)   Sj^  =  0QH3_(z-a^)^"^ 

+  c^  z-a,    Z     ^ — -\    E  (-1)*'  ^ — S- 

°    ^   r=2  (ai-ar)2b=^     \fl-^ry_ 

Now  the  least  exponent  on   (z-a^)    In  the  expression 


c^(z-a,  )        Z     ~ 


oo  ,      ,1  /z-ai  V 
r   (-l)J  -I^ 


'°  ^       ^^   (ai-a^)2   LJ=^  V^l 


a, -a 


Is  X, 


which  can  be  found  by  actual  expansion,  so  that  this  expres- 
sion contributes  nothing  to  the  Indlclal  equation.   Conse- 
quently, the  only  contribution  to  the  Indlclal  equation, 
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Insofar  as  eqiiatlons  (26)  -  (30)  are  concerned,  comes  only 

from  the  first  part  of  equation  (30)  and  Is  the  coefficient 

X—2 
Of  (z-a^)    ,  that  is,  (  Cq)  (H]_)  . 

Returning  now  to  equation  (23)  we  note  that 

c^hiE^,U^,    ...,Hj^)  =  c^H^^,  or 

h(H-|^,H2,  .. .  ,Hj^)  =  H^,  thus  equation  (2^^-)  becomes: 

(31)  X(X-l)  +  XG-L  +  H]^  =  0,  or  In  alternate  form: 

(32)  X^  +  X(G^-l)  +  H^  =  0. 

Equation  (28)  was  derived  upon  expanding  in  a 
neighborhood  of  z  =  a-,  .  Analogous  reasoning  shows  that 
expansion  in  a  neighborhood  of  any  of  the  regular  singular 
points  z  =  a  ,  vrould  give  an  indicial  equation  of  the  form: 

(33)  ^^  +  X(G^-l)  +  Hj,  =  0;  (r  =  l,2,...p). 

Let  the  values  of  X  which  satisfy  equation  (33) 
be  X-^   ^^^  ^2*  ^®  then  have 

(3^)    Xj^  +  X2  =  1-Gj.,  and 

(35)  ^1^2  ~  ^r*  ^^^  ^®  ^^®  given  that  the  exponents  at 
aj,  are  aj.  and  p^,  respectively,  hence  equations  (3^)  and  (35) 
become : 

X]^  +  X2  =  l-Gp  =  aj.  +  pj,,  or 

(36)  Gj.  =  l-aj,-Pj..   Similarly, 

(37)  Hj.  =  a^Pr- 
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Substituting  equations  (36)  and  (37)  Into  equation 
(12)  yields  the  following  differential  equation; 


^^2   Lr=l  z-aj,   Jdz   |r=l  (z-ar)^   r=l  z-^r  ^ 

We  now  make  use  of  the  requirement  that  Infinity  be 
an  ordinary  point  of  equation  (3^). 

We  make  the  Independent  variable  transformation: 
(39)    ^  ~  w  '  ^^^stitut©  Into  equation  (3^),  and  require 
w  =  0  to  be  an  ordinary  point  of  the  resulting  equation. 

The  equation  resulting  from  the  above  variable 
transformation  was  derived  In  Chapter  I,  and  was  shown  to  be: 


(ko)  d^u  .  |2   1   ,    Ixldu  ^  1  ^,lv  _  ^ 


It  was  further  shown  that  If  w  =  0  Is  to  be  an 
ordinary  point,  then  both 

C2   1 (X\~\     and  1  ^,1.      must  be  analytic  at  w  =  0 

We  now  expand  p(— )  in  an  ascending  power  series 

about  w  =  0  of  the  form: 

{k-D  p(i.)  =  2w  +  A_w2  +  •••+Aw"+  •••  ,  and  hence 

w  2  n 

=  -Ao-A^w  -  •  •  •  -  A,^w^~2  -  '  '  ' ,   which 
is  analytic  at  w  =  0,  provided  A-  is  finite. 


70 


This  Implies  p(i)  Is  finite  at  w  =  0,  or 
(i^3)    P(z) 


m) 


^+-1+  •••  +-2.+  ...  is  finite  at  infinity 
z    2^         2» 


Now  from  equation  (3^)  we  notice  that 

^  ^    n   (l-a-,-3_) 

P^^^  =  ^  z-a 

r=l    ^^r 


=  1  2  ^1-^r-Pr' 

^  r=l  1  -  fn 
z 


=  1  E  (1-1^-Pj.) 

Z   y,^T  ^     *^ 


iHf)^(¥l  ^ 


or 


(^5: 


)(z)  =  i  Z  (1-a  -B  ) 


r=l 


r  r' 


1  -r 


00  /a 


r=lL        J=l 


Now  upon  comparing  equations  (^3)  ^Jid   (^5)  and 
equating  the  coefficients  of  like  powers  of  i  vie   get  ; 


E  (1-a  -p  )  =  2,  or  finally, 
r=l 


iU)  Z  (a^  +  s  )  =  n-2. 

r=l   ^    ^ 


Similar  to  the  preceding  analysis,  we  expand  q(^) 
about  v;  =  0  in  an  ascending  power  series  thus; 
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which  Is 


.a 


(^7)     q(w)  =  B^w  +  B^w^  +  •••  +  B^w^  +  •••  , 

finite  at  w  =  0.   From  equation  (^+7)  we  have 
B     B     B 

(^^)      ■\q(i)  =  -3  +  -|+  -^^  Bj^  +  B5W  +---h  B^w"-^ 

In  order  for  —r  q(v7)  to  be  analytic  at  w  =  0 , 
B]_  =  B2  =  B-7  =  0 ,  In  which  case  equation  (^7)  becomes: 


(^9)    q(^)  =  Bi^w^  +  B^w^  +  •••  +  B^vP   +  •••  ,  and 


since  z  =  ^,  we  have: 


^   7   z5        z" 


(50)     q(z)  =  -J  +  -^ 
z    z-^ 

since  q(^)  ,  as  given  by  equation  (^9),  1b  finite 


at  w  =  0,  then  q(z),  as  given  by  equation  (50),  Is  finite 
at  Infinity.   This  completes  the  restrictions  under  which 
Infinity  will  be  an  ordinary  point  of  equation  (32)« 
Prom  equation  (3^)  we  notice  that 

(51)     q(z)  =  ?  -^^^^-^  ?  if  I   ,;  (  r  =  l,2,---,n), 
r=l  (z-aj.)2   r=i  (z-a,,) 

Equation  (Rl)  may  be  written  thus: 
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z     r=l    /^        ^r  \  ^^l  1  -  ~ 

.-■*j..^.[-(?f-{?'Kit>-a 

•JA"["(¥)-frf--]- 

(52)  q(z)    =      E     -i:-n+2Z     -il^  +      Z     ^+      E     -Eli: 

r=l     z2  r=l       z^  r=l   z:         r=l     z<^ 

r=l     z3  \?V 

Finally  we  may  write  equation   (52)   as  follows: 


(53)  q(z)   =  -     ^    Jr  "^  "^     ^     ^°^r^r  "^  Mr^ 

^  r=l  z'^  r=l 


z-^  r=l  \z^, 

We  now  compare  equation  (53)  with  equation  (50)  and 
equate  ooefflclents  of  like  powers  of  i  to  obtain  the 
following  set  of  equations : 
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r=l 

n 

(55)  E  (aj.3j,  +  ajjj.)  =  0,  and 
r=l 

n  2 

(56)  I  (2a^aj.Pj.  +  a^J^)    =  0. 
r=l 

Equations  (^6),  and  (5^)  -  (56)  are  the  relationships 
we  desired.  They  will  be  used  In  the  derivation  of  Heun's 
differential  equation  CL4,p.  576]  in  Chapter  IV,  and  In  the 
derivation  of  a  general  linear  ordinary  differential  equation 
of  second  order  with  five  regular  singular  points  as  shown 
in  Chapter  V. 


CHAPTER  IV 


A  DISCUSSION  OF 
HEUN'S  DIFFERENTIAL  EQUATION 


We  will  now  apply  the  relationships  derived  In 
Chapter  III  to  the  derivation  and  solution,  In  a  general 
case,  of  Heun's  differential  equation  [1*+,  p.  576]. 
An  intensive  study  of  Heun's  differential  equation  was 
recently  completed  by  Neff  [9]. 

Consider  the  differential  equation; 


(1) 


dfu 
dz^ 


r^  l^ar-^r" 


^b-S: 


1  z-a 


r  _ 


du 
dz 


^rPr   +  ?   Jr 


+  Z 


_r=l  (z-a J,) 2  r=l  z-aj 


u  =  0. 


In  Chapter  III,  we  derived  the  following  relationships: 


(2) 
(3) 

(5) 


n 

Z     (ttj,  +&J.)  =  n-2;  where  n  Is  the  number  of  regular 
r=l 

singular  points. 

n 

Z  Jr  =  0, 
r=l 


I  (ajjj.  +  aj,Pj,)  =  0,  and 
r=l 


Z     (a  J  +  2a  a  s  )  =  q. 
-,        r  r     r  r  r 


7^^ 
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We  arbitrarily  let 

a-,  =  0  ;        a2  =  1 ;  a,  =  a ;       ai^  =  b  ; 

a^  =  0;        a2  =  0;  a^  =  0 ;        ai^  =  a; 

3^  =  1-y;      ^2  =  ^-*'  33  =  7+6-a-3;   34  =  3  • 

Substitute  the  above  set  of  equations  Into  equation 
(1)  to  get; 

(6)   ^^  +  Ix  +  -i-  +  l+g-'-P-'y-S  ^.  l-a-3"[du 


dz 


2    [_z   z-1     z  -  a      z-b  Jdz 


Uz-b^^   2    z-1   z-a   z-b  J 


V/e  also  note  that  the  above  set  of  equations  when 
compared  with  equations  (2)  -  (5)  yield  the  following 
expressions; 

(7)     a  +  (1-7)  +  (1-6)  +  (-y+fi-a-p)  +0=2, 
(2)     J^  +  J2  +  Jt  +  J14.  =  0, 

(9)  J2  +  aJ:.  +  bJi^  +  ap  =  0,  and 

(10)  J2  +  a^J^  +  b^Ji^  +  2ba0  =  0. 

To  continue  with  the  derivation  of  Heun's  differen- 
tial equation,  we  multiply  both  members  of  equation  (6) 
by  (z) (z-1) (z-a)  to  get; 
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2 

(11)  z(z-l)(2-a)^  +  [7(z-l)(z-a)  +  z(z-a)6 

dz'^^ 

+  z(z-l)(a+p^-6+l)  +  z(z-l)(z-a)(l-a-p)/(z-b)]^ 
+  [z(z-l)(z-a)(ap)/(z-b)^  +  (z-l)(z-a)J^  +  z(z-a)J2 
+  z(z-l)J  +  z(z-l)(z-a)(Ji^)/(z-b)l  u  =  0. 
Let  Cp  be  the  coefficient  of  ||,  that  Is, 
Cg  =  (z^-z-az+a>Y+  ^(z^-az)  +  (a+P-T-S+l) (z^-z) 

+  z(z-l)(z-a)(l-a-P) 
z  -  b 

=  z^(Y+6+a+P-7-5+l)  +  zC-Y-ay-af-a-P+Y+S+D 

^  z(z-l)(2-a)(l~a-p)    ^   Qj.  finally  we  have: 
z  -  b 

(12)  C2  =  z^(l+a+P)    -  z(l+a+0-6+a5+a7)    +  ay 

+  z(z-l)(z-a)(l-a-&) 
z  -  b 

In  equation  (11),  we  let  C,  be  the  coefficient  of  u, 

that  is, 

C^  =  ^  [z(z-l)(z-a)(ap)  +  (z-b)^(z-l)(z-a)(J  ) 

^   (z-b)'' 

+  z(z-a)(z-b)^(J2)  +  z(z-l)(z-b)^(J  ) 


+  z(z-l)(z-a)(z-b)(J^)] 
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C,  =  ,  -^  o  {(z3-az^-z2+az)(a0) 
->        (z-b)^ 

+  [z^-z3(a+2b+l)  +  z2(a+2ab+2b+b2) 

-  z(2ab+ab^+b^)  +  ab2]J^ 

+  [z^-z5(2b+a)  +  z2(b2+2ab)  -  z(ab2)]J2 

+  [z^-z3(2b+l)  +  z2(b2+2b)  -  zb2]j 

+  [z^-z^(a+b+l)  +  z^(ab+a+b)  -  z(ab)]Ji^} 
v/e  now  collect  the  coefficients  of  like  powers  of  z  to  get: 

(13)    C,  =  3:-^  {z^[J-,+Jp+J^+J|,]  +  z3[a3  -(a+2b+l)J, 

-^    (z-b)*^      X   <:;   ;»   M-  X 

-  (a+2b)J2  -  (2b+l)J^  -  (a+b+l)Ji^] 
+  z^[-a(i3-a3+(a+2ab+2b+b2)J, 

+  (2ab+b^)J2  +  (b^+2b)J,  +  (a+b+ab)Ji^] 

-  z  [  -aa3+  ( 2ab+ab2+b2 )  J^+ab^j^+b^J^+abJij.  ] 
+  ab^Ji } . 


Applying  the  restriction  given  by  equation  (c),  v/e  see  that 
the  coefficient  o 
of  7}   as  follows; 


k 
the  coefficient  of  z  vanishes.  We  now  write  the  coefficient 


7g 


z^:     oa    -    (a+2b+l)J^  -   (a+2b+l-l)J2  -   (a+2b+l-a)Jj 

-  (a+2b+l-b)Ji4. 

=  -   (a+2b+l)(Ji+J2+J3+Jl^.)   +    (cL0+J2+aJ3+bJi|.) 
=  0  by   virtue  of  equations    (f5)    and   (9)  . 
We  now  simplify  the  coefficient  of  z     thus: 
z^:      (a+2ab+2b+b^)J-j_  +    {a+2ab+2b+b^-a-2b)J2 

+    (a+2ab+2b+b^-a-2ab)J^  +    ( a+2ab+2b+b^-b-ab-b   )Ji^. 

-  aoP    -  o^ 

=   (a+2ab+2b+b^)(J]_+J2+J3+Jl|)    -   (a+2b)J2 

-  (a+2ab)J^   -   (b+ab+b^)Ji^  -  aap  -   ap 

=   (a+2ab+2b+b^)(J^+J2+J3+Jl|)    -   (a+2b+l-l)J2 

-  a(a+2b+l-a)J3  -  b(a+2b+l-b) J,^  -   (a+2b+l-2b)cO 
=   (a+2ab+2b+b^)(J3^+J2+J3+Jl^.)    -   (a+2b+l) 

•(aP+J2+aJ5+bJi4.)    +   ( J2+a^J5+b^J4+2baP) 
=  0  by  virtue  of  eq\iatlons    (^),    (9)   and   (10). 
The  expression  for  C^  has  now  been  reduced  to  the 
following: 

C,  =  — =^  [aoa   +   (2Rb+ab^+b^)J,    +ab^Jp+b^J,+abJ^  ] 
^        (z-b)'^  ^  ^ 

ab  Jt 
+ . 

(z-b)2 

We  now  proceed  to  simplify  the  coefficient  of 
-z  thus: 
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-z:      (ab^+b^+ab+ab)J-,^  +    (ab^+b^+ab-b^-ab)J2 

+   {ab^+b^+ab-ab^-ab)J^  +   (ab^+b^+ab-b^-ab^)Jj^ 
=   (ab2+b^+ab)(J^+J2+J,+Ji|)   +  abJ^  -   (ab+b2)J2 

-  (ab+ab^)J-7   -   (ab^+b^)Jj|  +  aag ,   which  upon 
applying  equation   (^)    and  rearranging  soraev/hat  becomes: 

-  (b^+ab+b-b)J2   -  a(b^+ab+b-ab) J, 

-  b(b+ab+b^-b^)Ji|  +  abJ^  +aap 

=  -   (b^+ab+b-b^-ab-b-a)ap  -  a(b^+ab+b-ab)J-7 

-  b(b+ab+b2-b2)jj^  +  abJ^  -  (b2+ab+b-b)J2 
=  -  (b^+ab+b)(a0+J2+aJ7+bJi|)  +  abJ-j^ 

+  b(J2+a^J^+b^Ji|)  +  (b^+ab+a+b)ap. 
Utilizing  equation  (9),  the  above  expression  simplifies, 
upon  slight  rearrangement  to : 

-z:   b(J2+a^JT+b^Jl^+2ba3)  +  abJ-^  +  (a+b+ab-b^)ap 

=  abJ^^  +  (a+b+ab-b'^)a3,  by  virtue  of  equation  (10)  . 
Equation  (13)  has  now  been  reduced  to  the  following: 

(l4)   C  =  -^fs^l  "^  (a-t-b+ab-b^)a3]  +  ab^J^^ 

(z  -  b)2 

We  now  substitute  equations (12)  and  (1^)  Into 
equation  (11)  and  express  the  differential  equation  as 
follows ; 
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(15)  z(z-l)(z-a)^^-^  +   [z^d+a+p)    -  zd+a+^-S+aS+ay) 

dz^ 

+  ay  +  z(z-l)(z-a)(l-a-3)/(z-b)]|| 

{z[abJi+  (a+b+ab-b^)a3]  -  ab^J^} 
(z  -  b)'^ 

Since  Infinity  Is  a  regular  singular  point,  we  let 
b  —  00  to  get  ; 

2 

(16)  z(z-l)(z-a)l-ii  +   [z2(l+a-^^)    -  z(l+a+p-6+a6+av)    +  aylpi 

QZ 

+   (apz  +  aJ-j^)    u  =  0. 

In  equation  (l6)  we  let 

a0z  +  aJ,  =  a3(z  -  q) ,  whence 

aJi 
aJ^  =  -apq,  or  q  =  ~  — ^  . 
1       '         ap 

Substitution  Into  equation  (l6)  yields: 

2 

(17)  z(z-l)(z-a)^-ii  +  [z2(l+a+0)  -  z(l+a+3-6+a5+aY)+a y]^ 

dz^ 

+  a3(z  -  q)  u  =  0. 

Equation  (17)  Is  Heun's  differential  equation  and 
has  four  regular  singular  points  at  z  =  0,1, a,  and  oo  . 

We  will  now  solve  equation  (17)  In  a  general  case, 
using  the  method  of  Frobenlus  [3]. 

Assume  a  general  solution  to  equation  (17)  to  be 
of  the  form: 


gl 


+  Cr+iZ^"*"^"^  +  •"  ,  where  Cq  =|=  0.  Then 


^  ^  «  ^^^-l  J.  ^  /-vu-n  ^„^  4-  .  .  .  4.  «     ^T.4.«_n  N^X+r-2 


(19)   H  =  CqXz^-1  +  c^(X+l)z^  +  ..•  +  Cj,_-L(X+r-l) 


z 


+  Cj,(X+r)z^'^^-l  +  Cj^-j^(X+r+l)z^'^^  +  •  •  •  ,  and 

2 

(20)  —^  =  c^X(X-l)z^-2  +  Ct(X+1)(X)z^-1  +  ••• 
dz     "  -'- 

+  Cj._3_(X+r-l)(X+r-2)z^"^^-3  +  Cj,(  X+r)  (  X+r-Dz^'^^-^ 
+  Cj^-L(X+r+l)(X+r)z^'*'^"l  +  •••  . 

We  now  substitute  equations  (1^)  ,  (19)  and  (20) 
Into  equation  (17),  and  deduce  the  Indlclal  equation  by 
setting  the  coefficient  of  z^"-^  to  zero,  thus: 

(21)  -  aCQX(X-l)  +  c^aXT  =  0,  where  a  =^  0. 

Solving  equation  (21)  yields 
X(X-l)  +  XT  =  0,  whence 

(22)  X  =  0,  1  -  Y. 

To  obtain  the  recurrence  equation  connecting  respec- 
tive coefficients  in  equation  (1^),  we  set  the  coefficient 
of  z^"*"^  to  zero,  that  is: 
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(23)   Cj.^;L(X+r-l)(X+r-2)  -  Cp(a+1)  (X+r)  (X+r-1) 

+  c_^^(a)(X+r+l)(X+r)  +  c^   ( 1+a+p) (X+r-1) 

-  Cj,(l+a+3-6+aY+a6)(X+r)  +  Cj^-L(aY)  ( X+r+1) 

+  c^_^(a3)  -  c^(apq)  =  0  for  r  =  0,1,  •••  . 

We  may  rewrite  equation  (23)  as  follows: 
{2h)      Cj^-L(a)(X+rH-l)(X+r-f7)  =  Cj,[  (a+1)  (  X+r)  (X+r-l)  +  apq 

+  (1+a+p  -  6+ay+a6)(X+r)] 

-  Cj,^^[(X+r-l)(X+r-2)  +  ( l+a+3  )  ( X+r-1)  +  ap]. 

Now  from  equation  (22),  we  let  X  =0,  so  that 
equation  (2^)  becomes: 
(25)   c^^(a)(r+lXr^-Y)  =  c^[  (a+1)  (  r)  (r-1)  +  aPq 

+   rd+a+P-fj+ay+aS)] 

-  c^  T[(r-l)(r-2)    +   (l+a+0)(r-l)   +  ap]. 

r-i 

V/e  would  like  a  general  solution  of  equation  (17) 
in  a  neighborhood  of  z  =  0  to  be  of  the  following  form 
when  X  =  C : 


(26)   u  =  Cq 


l.a3?      Vq).(z/a)" 


l_  n=l  nl(7)(Y+l)  •••  (Y+n-l)_ 
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Setting  r  =  0  In  equation  (25),  we  get  : 
c^(arY)  =  c^CaPq)  -  c_^(l-a)  (1-p)  .   But  c_^  =   0, 

hence  c-,  =  '^^^^o    ,  Substituting  this  expression  for  c,  into 

equation  (IS"-)  yields  the  following  equation; 

(27)   u  =  Cq[1  +  ^  z  +  C2z2+  •••  +  Cj^zn+  •••]. 

Comparing  the  coefficients  of  like  powers  of  z  in 
equations  (26)  and  (27)  we  note 
(2g)     G^(q)  =  q. 

Next  we  set  r  =  1  in  equation  (25)  to  get; 

(29)  C2(a)(2)(l+Y)  =  C3^(a3q  +  l+a+p-S+a^+aS) 

-  c^(ap),  where  Ct  =  ^, 

°  -^     ay 

Solving  equation  (29)  for  c^  yields: 

(30)  c  =  ^Pt^q^^Pq  •*•  l-»-a-*-P-6-»-aY^-a6 )  -  ayloq 

a^-2!(7)(7+l) 

Comparing  Co  from  equation  (30)  with  G2(q)  from 
equation  (26)  we  note: 

(31)  G2(q)  =  q(apq  +  l+a+p-S+aY+aS)  -  ay. 

Letting  r  =  n  in  equation  (25)  and  comparing  c^^^ 

so  found  with  G  (q)  from  equation  (26)  reveals  the  following: 
u 


g4- 


apG  (q) -Cq 

(32)  Cn  = 2 o ^ 

a"-n'(7)(y+l)  •••  (y+n-l) 

Substituting  equation  (32)  into  equation  (25),  with  appro- 
priate change  of  subscripts  gives  the  following  equation: 

(33)   a(n-H)(n4^)G^^^(q) 

a"  .(n+l)I(7)(Y+l)  •••  (7+n-l)(7+n) 

[(a+l)(n)(n-l)    +  apq  +  n( l+a+0-6+aY+a5) ]G^(q) 
a"-n:(7)('Y+l)    •••    (y+n-l) 

[(n-l)(n-2)    +    (l+a+p)(n-l)    +  a3]G^_^(q) 
a""^-(n-l)l(7)(7+l)     •••    (7+n-2) 

Multiplying  both  members  of  equation  (33)  ^y 
a^*nl(7)(7+l)  •••  (y+n-l) ,  and  simplifying  the 

result,  gives  us 

(3*+)   Gji+l^^^  ^   [(a+l)(n)(n-l)  +  apq  +  n(l+a+P-6+a7+a6)  ]0^(q) 

-  [an(n-l+a) (n-l+p) (n-l+Y) ^^^-1^^^  * 

Equation  (3^)  niay  be  used  to  compute  coefficients 
G^^^(q)  which  may  then  be  inserted  into  equation  (26)  to 
give  a  general  solution  of  equation  (17)  in  a  neighborhood 
of  z  =0,  when  X  =  0. 


CHAPTER  V 


DERIVATION  OF  A  GENERAL  DIFFERENTIAL  EQUATION 
WITH  FIVE  REGULAR  SINGULAR  POINTS 


Consider  the  following  differential  equation; 

(1)  a!u  ^  S  (ilir±r)du  ^  :  1  °rPr    ,  |  .£r.]^  =  0. 
dz'^  r=l  ^-^r   ^^    r=l(2-"r)    r=l  ^"^r 

Analysis  In  Chapter  III  revealed  that  for  J  =  D  , 

(2)  Z   D_  =  0, 
r=l 

(3)  5   (aj>Dj.  +  aj,3j.)  =  0  , 
r=i 

(^)      ^   (a^Dj.  +  2aj^aj.3j.)  =  0,   and 
r*l 

(5)      §   (aj,  +pp  =  n  -  2. 
r=l 

Since  we  are  Interested  In  studying  a  second  order 

linear  ordinary  differential  equation  with  five  distinct 

regular  singular  points,  we  choose  n  =  5.  Then,  following  the 

scheme  of  Rlemann  D-2] ,  we  denote  a  solution  of  equation  (1) 

thus  ; 


I 
(6)     u  =  P  S    a^ 


3 
1 


2 

^3 

aj+ 

^5 

2 

^3 

ai; 

^5 

2 

3 

3 

5 

35 
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As  before,  we  note  that  the  first  row  displays  the  regular 
singular  points,  rows  two  and  three  display  respective  ex- 
ponents at  these  singular  points,  and  column  six  contains 
the  Independent  variable. 

Since  a  linear  transformation  will  take  any  three 
distinct  points  Into  any  other  three  distinct  points,  there 
is  no  loss  of  generality  if  we  let  a,  =  0,  a^  =  1,  a^  =  a, 

J,  =  b,  and  a^-  =  c.  At  the  same  time,  we  choose  a  =  0  for 
r  =  1,2,3,^,   ctR  =  a,   ^  =  1  -  Y,  &^  =   1  ^   6 ,      ^^  =  1  -  c 
3il  =  1  -  T]  ,  and  p  c-  =  p.   Substitution  of  this  information 
into  equation  (6)  yields: 

0      1      a     b      c 

0      0      0      0      a      z 

1-7    1-6    1-e    l-T]    p 


a 


(7)     u  =  P  ^ 


where  we  shall  presently  let  o  — ^  cd  . 
Equation  (1)  also  becomes: 

(g)     du  +  ^x   +_S_+_£_^_IL^l=a:i^]du 
^2^    z  z-1  z-a  z-b  z-c   dz 

^      r.a        Dt      D^      D,      Di,      Dc- 
(z-c)        ^     ^         ^"^    ^         ^"^ 
where   from  equations    (2)    -   (5)   we  note  that 

(9)  D^  +  D^  +  D,   +  Di^  +  D^     =0, 

(10)  aP  +  D2  +   aD,   +  bDi,.  +   cDc  =  0, 

(11)  2cap  +  D^  +a^D^  +b2D]^  +  c^D^  =  0,  and 

(12)  7+6+€+n-a-3  =1. 
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Reducing  equation  {$)    to  a  form  which  Is  more  amen- 
able to  solution,  we  Initially  multiply  both  members  by 
2(2-1) (z-a) (z-b)  to  get; 
(13)   z(z-l)(z-a)(z-b)d£u  +|Y(z-l)(z-a)(z-b)+6(z)(z-a)(z-b) 

+  g(z)(z■nL)(z-b)-^T^(z)(z-l)(z-a)-^^^-^-PH^)^^-^^^-^^^-^hf^ 

z  -  c  '^^ 

-»-  ('^P(z)(z-l)(z-a)(z-b)  +  D,(z-l)(z-a)(z-b)+D_(z)(z-a)(z-b) 
(z-c)2  -^  ^ 

De(z)(z-l)(z-a)(z-b) 

+D,(z)(z-l)(z-b)+D.(z)(z-l)(z-a)+^ }u  =  0. 

^  ^  z  -  c 

Let  K2  be  the  coefficient  of  |ii,  thus: 

(1^+)   K2  =  7(z-l)(z-a)(z-b)+6(z)(z-a)(z-b)+G(z)(z-l)(z-b) 

+  T)(2)(z-l)(z-a)-^^^-^-PH^)^^-^)^^-^^^-^) 

z  -  c 

=  7[z^-z^(a+b+l)  +z(ab+a+b)  -  ab] 

■»■  6[z^-(a+b)z^+abz]  +€[z^-(b+l)  z^+bz] 

+  n[z3-(a-»-l)z2+az]  +  d-^-P)  (  2)  (z-1)  (z-a)  (  z-b)  ^ 

z  -  c 

(15)  Kg  =  z3[Y+6+e-hi]-z2[7(a+b+l)+6(a+b)+e(b+l)+n(a+l)] 

+   z[7(a+b+ab)   +   5(ab)    +€b  +Tia]   -  ab^ 

+    (l-a-3)(z)(z-l)(z-a)(z-b)  ^ 
z  -  c 

We  now  substitute  equation  (12)  Into  equation  (15), 
rearrange,  and  let  c  — ► 00  to  obtain: 

(16)  Llm  Kp  =  z3(l+a+0)-z2[(l+a+3)(l+a+b)-ae-bn-5] 
c  — *-  00 

+  z[ab(T  +  S)  +a(7+n)  +  b('Y  +  e)]  -  ab7. 


gg 


We  now  let  K-,  be  the  coefficient  of  u,  thus; 

(17)   K3  =  (ap)(z)(z-l)(z-a)(z.b)  ^  D^(,.i)(,.^)(^.^) 
(z  -  c) 
+  D2(z)(z-a)(z-b)  +  D,(z) ( z-1) (z-b) 

J.  ri  /  N  /   T  \  /    \  -1-  T^  (z)  (z~l)  (  z-a)  (z-b) 
+  Dii(z)  (z-l)  (z-a)  +  D(--^ — ^ '-^ *-^ '-   . 

^  "      z  -  c 

Expanding,  we  get ; 

(1?!)   K,  =  ^  {ap[z^-z5(a+b+l)  +  z^(a+b+ab)  -  abz] 

^   (z-c)2 

+  Il[z5-z^(a+b+l+2c)  +  z^(a+b+ab+2ac+2bc+2c+c^) 

-  z^(ab+2ac+2bc+2abc+ac^+bc^+c  ) 
+  z(ac^+bc^+abc^+2abc)  -  abc^] 

+  D^Cz^-z  (a+b+2c)  +  z^(ab+2ac+2bc+c^) 

-  z^(2abc+ac^+bc^)  +  abc^z] 

+  D,[z5-z^(l+b+2c)  +  z^(b+2c+2bc+c^) 


-  z^(2bc+c^+bc^)  +  bc^z] 

'^1 


+  D,,[z5-z  (a+2c+l)  +  z^(a+2ao+2c+c^) 


-  z^(2ao+ac^+c^)  +  ac^z] 

+  D_[z5-z^(a+b+c-»-l)  +  z^(a+b+ab+ac+bc+c) 
z> 

-  z  (ac+bc+abc+ab)  +  abcz]}. 

Now  from  equation  (IS)  we  isolate  coefficients  of 
like  powers  of  z  to  get  the  following  set  of  equations: 

(19)   z^:  Ki^  =  L-_  (D-L+Dg+D^+Di^+D^). 

(z-c) 
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(20)  z^:  Kc  =  —^   [aP-  DT(a+b+2c+l)  -  Dp(a+b+2c) 

-   (z-o)'^       -^  '^ 

-  D^(b+2c+l)  -  Di|(a+2c+l) 

-  Dc(a+b+c+l)]. 

(21)  z^;  K^  =  ^  [-ap(a+b+l)  +  D. (a+b+ab+2ac+2bc+2c+o2) 

(z-c)2  -^ 

+  D2(ab+2ac+2bc+c^) 

+  D-z(b+2c+2bc+c^)  +   D^(a+2ac+2c+c^) 

+  Dc(a+b+ab+ac+bc+c) ] . 

(22)  z^:  K7  =  ^^-r[ap(a+b+ab)-D- (ab+2ac+2bc+2abc+ac^+bc^+c^) 

'        (z-c)2  1 

-  D2(2abo+ac^+bc^)   -  D,( 2bc+o^+bc^) 

-  Di|(2ac+ac^+c^)   -  D|-(ao+bc+abc+ab)  ]. 

(23)  z^:      Kj.  =  ^  [-a3ab+D-(ac^+bc^+abc^+2abc) 

^        (z-c)2  1 

+  D2(abc^)+D^(bo^)+Di^.(ac^)+Dc(abc)  ]  . 

(2i+)      z°;     Kq  =  ^  [-D,(abo^)]. 

(z-c) 

We  now  simplify  the  above  equations. 

Substituting  equation  (9)  Into  equation  (19), 
(25)    we  Immediately  observe  that  Kj^  =  0 . 

Equation  (20)  can  be  rearranged  as  follows; 
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K^  =  ^r  [aP-D,  (a+b+2c+l)    -  Dp(a+b+2c+l-l) 

-  D,(a+b+2c+l-a)    -  Di^(a+b+2c+l-b) 

-  D^(a+b+2c+l-o)] 

z> 

-^  [-(a+b+2c+l)    (D-L  +D2+D^+Di|+D^) 


(z-c) 

+a^+D2+aD^+bDl^+cDc] . 
Henoe   frorn  eqiiatlons    (9)    said   (10), 
(26)  K^  =  0. 

Simplifying  equation  (21)  slightly,  we  get: 

K^  = —  [-a3(a+b+l)+(a+b+ab+2ac+2bc+2c+c   ) 

(z-c)^ 

•(D^+D^+D^+Di^+D^) 

-  D2(a+b+2c)    -  D,(a+ab+2ac) 

p 

-  DL|.(ab+b+2bc)    -  D5(ac+bc+c+c    )], 

which  by  equation  (9)  reduces  to: 

K^  =  ^  [-aa3-ap(b+l)  -  D2(a+b+2o) 

(z-c) 

-  D  (a+ab+2ac+a^-a^)  -  Di^(ab+b+2bc) 

-  Dr:(ac+bc+c+c^)  ]. 

K5  =  ^~2    [-a(a3+D2+aD-5+bDi|+cD5)    -  ap(b+l) 

-  D2(b+2c)   -  D-,(a+ab+2ac-a^) 

-  Di|.(b+2bc)    -  Dc(bc+c+c2)], 
which  by  eqxiatlon   (10)    reduces  to: 
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K^  =  i —  [-aP(b+l)  -  Dp(b+2c)  -  D-rCa+ab+Sac-a^) 

(z-c)2 

-  Di^(b+2bc)  -  Dc^(bc+c+c^)]. 

K^  =  i-^  [-ap(2o+b+l-2c)  -  D2(b+2c+l-l) 

-  D,(a+ab+2ac-2a^+a^)  -  Di^(b+2bc+b2-b^) 

-  Dr-(bc+c+c^)  ] 

=  ^  [-(2ca3+Dp+a^D,+b^Di,+c^Df-) 

(z-c)2         ^    >    'f    r? 

-a3(b-2c+l)  -  D^Cb+Sc-l) 

-  D  (a+ab+2ac-2a2)  -  Di^(b+2bc-b2) 

-  D^(bc+c)], 

which  by  equation  (11)  reduces  to: 

K^  =  ^  [-aP(b+2c-l)  -  D-(b+2c-l) 

^   (z-c)2  2 

-  D  (a+ab+2ac-2a2)  -  Di^(b+2bc-b2) 

-  Dj-(bc+c)]. 

Now  letting  c  — *  oo  ,  we  get: 


(27)   Llm  K^  =  0. 

c  —  CO 

Equation  (22)  may  be  written  as  follows: 
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K     =  i-_  [ap(a+b+ab)    -  D   ( ab+2ac+2bc+2abc+ac  +bc^+c^) 

^       (z-c)^  ^ 

-  Dp( ab+2ao+2bc+2abc+ac^+bo^+c^-ab-2ac-2bc-c^) 

-  D, ( ab+2ac+2bc+2abc+ac^+bc^+c^-ab-2ac-2abc-ao   ) 

-  D|^(  ab+2ao+2bc+2abc+ac^+bc^+c^-ab-2bc-2abc-bc^) 

2        2      2        2        2      2 

-  Dc(ab+2ac+2bc+2abc+ac  +bc  +o  -ac  -bo  -c  -ao-bc-abo)] 

D 

-  ^[a 3( a+b+ab ) - ( ab+2ac+2bc+2abo+ac^+bc^+c2 ) 

•  (D^+D2+D^+Di^+D^) 

+  D2(ab+2ac+2bc+c^)  +  D-,(ab+2ac+2abc+ac^) 

+  Dj,(ab+2bc+2abc+bo^)   +  D   (ac^+bc^+c^+ac+bc+abc)] 

which  by  equation   (9)    reduces   to: 

K^  =  i-~[a3(a+b+ab+2c+c^-2c-c^)+D  (ab+2ao+2bo+c^) 

^       (z-c)2  ^ 

+  D,(ab+2ao+2abc+ac^)+Dj^(ab+2bc+2abc+bc^) 
+  Dc(ac^+bc^+c^+ac+bc+abc+c^-c^) ], 


=  i-j  [c^(a3+Dp+aD,+bDi^+cD(.) 

(z-c) 

+  a3(a+b+ab+c^-2c^)  +  D2(ab+2ac+2bo+c-c) 
+  D  (a^c-a^c+ab+2ac+2abc) 
+  Di^(ab+2bc+2abc+b^c-b^c) 
+Dc(ac^+bc^+c^+ac+bc+abc-c^ ) ] . 
By  equation  (10),  the  above  expression  reduces  to: 
;_  =  ^[-c(2caP+D2+a^D,+b^Dh+c^Df-)+aP(a+b+ab+c^) 


K_    = 

(z-o) 


2 


+  D2(ab+2ac+2bc+c)   +  D,(a  c+ab+2ac+2abc) 

+  D2^(ab+2bc+2abc+b2c)   +  DcCac^+bc^+c^+ac+bc+abc)  ]. 
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From  equation   (11),    the  above  eqxiatlon  reduces  to; 

(2g)     K^  =  ~ — Ca3(a+b+ab+c^)   +  D-(ab+2ac+2bc+c) 

7        (z-c)2  2 

+  D   (a^c+ab+2ac+2abc)   +  Dj^(ab+2bc+2abc+b   c) 

+  D(-(ao^+bc^+c^+ac+bc+abc)  ] . 

We  now  eliminate  D^  and  Dj^  from  equations  (9),  (10), 

and  (11) ,  to  get: 

(2c-a-b)(a3)  +  abD^  +  (a-l)(b-l)D2 

(29)  D5  =  (a  -  c)(c  -  b)  • 

Substitute  equation   (29)    Into  eqiiatlon  (2g)    to  get: 

Ky  =  3L_{a3(a+b+ab+c^)   +  D2(ab+2ao+2bo+c) 

(z-c) 

+  D,(a^c+ab+2ac+2abc)   +  Dj^(ab+2bc+2abc+b2c) 

,(2o-e-b)(a3)+abDT+(a-l)(b-l)DpTr      2^^   2^  2^     ^i.  ^  v    ii 
+   [1 1    . ^][ac  +bc  +c  +ac+bc+abcj} 

(a  -   c)(c  -  b) 
Now  let  0  — ► 00    to  get: 

(30)  Llm  Ky  =  ap. 
c  —00 

We  oan  rearrange  equation  (23)    slightly  as   follows: 

Kg  =  ^  [D-]_(ac2+bc2+abc2+abc+abc) 

(z-c) 

+  Dp(ac2+bc2+abc2+abc-ac  -bc^-abc) 

+  D,(ac^+bc^+abc2+abc-ac^-abc  -abc) 

+  Di^(ac2+bc2+abc  +abc-bc  -abc  -abc) 

+  Df-(ac^+bc^+abc2-»-abo-ac2-bc^-abc   ) 

-  abap]  . 
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K^  =  ^  [(ac'^+bc'^+abc^+abc)(D-L+D2+r)3+Dj|+D5) 

(z-c) 

+  D^(abc)  -  D2(ac^+bc^+abc)  -  D^(ac^+abc^+abc) 
-  Di|.(bc^+abc^+abc)  -  Dc(ac^+bc^+abc^)  -  abap]. 
By  equation  (9)  this  reduces  to: 


Kq<  — 


(z-c) 


^  [-D^(abc)  +  D^Cac'^+bc^+abc+c  -c^) 


+  aD-7(ao^+bc^+abc+c^+bc-ac^-abc) 

+  bD2^(ac^+bc^+abc+c^+ao-bc^-abc) 

2   2      2         2    2   2 
+  cD(-(ac  +bc  +abc+c  +ac+bc-ac  -be  -c  ) 

+  ap(ac^+bc^+abc+c^+ab-ac^-bo^-abc-c^) ] . 

We  rearrange  the   equation  for  Kg  slightly  thus : 

Kg  «  — =-i-^  [(ac^+bc^+abc+c^){D2+aD-j+bDi|+cDc+aP) 

-  D^(abc)    -  D2C^  +aD,(bc-ac^-abc) 

+  bDi^(ac-bo  -abc)    +  cDc(ac+bc-ac  -be  -c   ) 

+  c;  p{  ab-ac^-bc^-abc-c^)  ] . 

By  equation  (10)  this  reduces  to; 

Kg  =  ^^— r-  [-D- (abc)+cD„(a+b-ab-ac-bc-a-b+ab+ac+bo-o) 

(z-c)^         ^  ^ 

+  acD^ ( a+b-ab-ac-bc+bc-a ) 

+  bcDi|.  ( a+b-ab-ao-bc-b+ac ) 

p 
+  c  Dt-(a+b-ab-ac-bc+ab-c) 

+  aba0  +  ctxp(a+b-ab-ac-bc-a-b-c)  ] 

=  — ^^^[c(a3+Dp+aD,+bDi,+cDc)  (a+b-ab-ac-bc) 
(z-c)^  ^        j>        'f       ^ 

-  D^(abc)   +  cDp(ab+ac+bc-a-b-c) 

+  acD-,(bc-a)   +  bcDi^(ac-b)   +  c  Dt-(ab-c) 
+  abap+  ca3(-a-b-c-c+c) ], 
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which  by  equation  (10)  reduces  to: 

Kg  =  — =^^  C-c{2ca^fD2+a^D^+b^Di^+c^D^)  -  abcD^ 

-  c^D^  +  abc^D,  +  abc^Di^  +  abc^D^ 

+  aba  3  +  ca3(c-a-b)  +  cD2(ab+ac+bc-a-b+l) ] . 

By  equation   (11),    this  reduces   to: 
t^     _       -1 


ly  [-abcDi    +   cDo(ab+ac+bc-a-b-c+l) 
^        (z-c)^  -"■  2 

+  abc^D-,  +  abc^Dji  +  abc^Dc  +  abaP 

+   cap(c-a-b)  ]  . 

Letting  c  ^ 00  we  get: 

Um  Kg  =  -aD2  -  bD2  +  D2  -abD-z  -  abDi|.  -  abDc  -  a 3. 
o  — »oo 

Now  since  D-j^  +  D2  =  -Ih   -  T>l^_   -De,  we  write  the  above 
expression  as  follows: 

Llm  Kg  =  ab(D^  +  D2)  +  D2  -  ap  -  D2(a+b) 

o  — *00 

=  abD  +  D  (ab+l-a-b)  -  aP,  or  finally 

(31)  Llm  Kg  =  abD^  +  (a-l)(b-l)D2  -  ap . 
o  —^00 

Prom  equation  (2*^),  we  have  Immediately, 

(32)  Llm  K^  =  -abD^. 

C  — *00 

Substituting  equations  (30),  (31),  and  (32)  Into 
equation  (1?*)  we  note  that 

(33)  Llm  K,  =  apz^  +  [abD^  +  (a-l)(b-l)D2  -  ap]z  -  abD^. 
c  — *  00 
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Substituting  equations  (l6),  and  (33)  Into  equation  (13), 

yields  the  following  differential  equation: 

2 
(3I+)   z(z-l)(z-a)(z-b)^^{z3(i+a+0)-z2[(l+a+3)(l+a+b)-ae-bTi-6] 

dz 

+  z[ab(Y+6)+a(Y+Ti)+b(7+e)]  -  abY}|| 
+  {a3z^+  zCabD^+(a-l)(b-l)D2-a0]  -  abD^}  u  =  0. 
Equation  (3U)  is  a  second  order  linear  differential 
equation  having  z  =  0,l,a,b,  and  od as  regular  singular  points. 

In  equation  (3^+)  let  the  coefficient  of  u  be  written 
thus : 

(35)  aPz^+z[abD-j^+(a-l)(b-l)D2-a3]  -  abD^  =  a3(z-p)  (  z-q)  . 

Expanding  and  comparing  coefficients  of  like  powers 
of  z  we  have ; 

(36)  -abDj^  =  appq,  and 

(37)  -a3(p+q)  =  [abD3_+(a-l)(b-l)D2  -  ctp]. 

Solving  equations  (36)  and  (37)  simultaneously  for 
p  and  q  we  ge  t ; 

,  ^^        a3-(a-l)(b-l)Dp  -  abD,  +  R 

(32)    q  =  § 1-^ ,  and 

2a  3 

2abD 

(39)    P  = ,  where 

abDj^  +  (a-l)(b-l)D2  -  a3  +  R 

R  =  {[abD^  +  (a-l)(b-l)D2  -  ap]^  +  4-apabD^}-^/^. 

Substituting  equation  (35)  Into  equation  (3^)  yields; 
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(UO)   z(z-l)(z-a)(z-b)S^{z^(l+a+0)-z  [(l+a+3)(l+a+b)-a6-bn-5] 

+  z[ab(7+6)+a(7-Hri)+b(Y+€)  ]  -  ab-ylf^ 
+  a3[z^-z(p+q)  +  pq]  u  =  0. 
We  may  rewrite  equation  (^)  as  follows; 

2 
{hi)      z(z-l)(z-a)(z-b)^  +  (Aiz5+A2z2+A3Z+Ai|)|| 

dz 

+  (B^z^+B^z+B,)  u  =  0,  where 

(1+2)    A-L  =  (I+a-t-0), 

(i^-3)     A2  =  -[(l+a+3)(l+a+b)  -a€-br|-6], 

(1^4)    A^  =  [ab('y+6)+a(y+T])+b(Y+e)], 

{^3)  A4  =  -ab-y, 

(k6)  B;l  =  =^P. 

(i;7)    B2  =  -ap(p+q),  and 

(^2)    ^3  ~  appq,  where  q  and  p  are  given  by  equations  (38) 

and  (39)  above. 

Equation  {U-1)    is  the  differential  equation  which 
we  wish  to  solve. 


CHAPTER  VI 


A  GENERAL  SOLUTION  OF  A  GENERAL  DIFFERENTIAL  EQUATION 
WITH  FIVE  REGULAR  SINGULAR  POINTS 


We  now  consider  a  solution  of  the  differential 

equation: 

2 

(1)  2(z-l)(z.a)(2-b)^  +    (A^z^+A^z^+A^z+A^)!! 

+    (B^z  +B2Z+B-,)u  =   0, 
where 

(2)  A^  =    (1   +   a  +  p), 

(3)  A^  =   -[(1  +   a  +3  )(1  +   a  +  b)    -   ae    -  bn   -   6], 
(!<•)  A^   =    [ab(  Y+    6)    +   a(  y  +  n  )    +  b(  y  +  ?  )], 

(5)  Ai^  =  -a^, 

(6)  B^  =  a0, 

(7)  B^  =  -a3(p  +   q),    and 
(g)  B^   =  appq. 

We  will  Initially  obtain  a  solution  of  the  differ- 
ential equation  In  a  neighborhood  of  z  =  0. 

(9)  Let  u(z)  =  CqZ^  +  c^z^"^^  +  •••  +  c  ^^z^"*"^"^ 

+  c  .z^-'^-^  +  c  z^""^  +  ...  .  e  i  0 
r-1         r  '   o  ' 

be  a  solution  of  equation  (1),  then 

(10)  u'(z)  =  CqXz^"-^  +  c^(X+l)z^  +  ••• 


-^  (Cj,.2)(\+r-2)z^'^^'^  +  (Cj..-L)(X+r-l)z 

+  (Cj.)(X-t-r)z^"^^"-'-  +  •••  ,  and 
9g 


X+r-2 
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(11)  u"(z)  =  CqX(X-1)z^"^  +  c^(X+l)(X)z''-^  +  ••• 

+  (Cj,.2)(X+r-2)(X+r-3)z^'^^''^ 

+  (Cj._^)(X+r-l)(X+r-2)z^''^-^ 

+  (c^)(X+r)(X+r-l)z^'*'^"^  +  •••  . 
Substituting  equations  (9),  (10),  and  (11)  Into 
equation  (1)  and  equating  the  sum  of  the  coefficients  of 
the  lov;est  power  of  z  to  zero,  we  get; 

(12)  z  *  ;   -abCQX(X  -  1)  +  Aj^Oq^  ~  ^'  ^^^  from  equation 
(5),  Aj,  =  -aby,  hence  equation  (12)  becomes; 

-abc  X(X-l)  -  ebyc^X  =  0.  Now  ab  4"  0,  since  a  and  b 
are  distinct  non-zero  regular  singular  points,  also  c  4"  0 
by  assimption,  hence  equation  (12)  becomes: 

(13)  X(X-l)  +  XY  =  0,  whence 

X  =  0,  or  X  =  1  -7  .  This  is  a  verification  that  the 
exponents  at  z  =  0  are  0  and  1  -  7  as  chosen.  Now 

z(z-l)(z-a)(z-b)  =  z  -  (a+b+Dz-^  +  (a+b+ab)z^  -  abz, 

X+r 
thus  we  can  compute  the  sum  of  the  coefficients  of  z 

(1^)    [(c^.2^^^'^^"^^^^"*"^'^^  "  (a+b+l)(Cj._^)(X+r.l)(X+r-2) 
+  (a+b+ab)(Oj,)(X+r)  (X+r-l)-(ab)  (Cj^-^)  (X+r+1)  (X+r)  ] 

+  [(A^)(c^  „)(X+r-2)+(A.)(c  -)(X+r-l)+(A^)(c^)(X+r) 
X   r-<i  d       r-i  3   r 

+  (Ai^)(Cj^l)(^-*'^l)^+I^(S^^^°r-2^'^^®2^^°r-l^'*"^®3^^°r^^  "  ° 
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Setting  X  =  0,  and  simplifying  equation  (l4)  somewhat, 
we  ge  t ; 
(15)    c^i[(ab)(r+l)(r)  -  Ai^(rH-l)] 

=  Cj.[(a+b+ab){r)(r-l)  +  rA,  +  B,] 

+  c^_^[A2(r-l)  +  B2  -  (a+b+l)(r-l)(r-2)] 

+  Cr-2'^^^^^^^'^)  ■*■  Ai(r-2)  +  B^^]. 

Equation  (15)  is  a  four  term  recurrence  relationship 

for  generating  c_^i 1  when  we  assume  a  solution  of  equation  (1) 

to  be 

u(z)  =  Z  c^z^-^^;   Cq  ^   0. 
r=0 

In  equation  (15)  let  r  =  0,  then 

c^(-Aj^)  =  B^c^;  c^^  =  c_2  =  0. 

-B,c^   -a3pqc^ 

o-,   =  — f —  =  r — ,  hence 

J-     A.      -ab   ' 

a^pqc^ 
^1  ~  ab7 —  fi^om  equations  (5)  and  (g). 

Now  in  equation  (I5)  let  r  =  1  to  get; 

OgCSab  -  2A2^]  =  c^[A  +  B  ]  +  c  [B  ],  v^hlch  upon 

substituting  equations  {^) ,    (5)i  (7)f  and  (g)  reduces  to 

CgCaab  +  2abT]  =  c  [ab(7+  6)  +  a(7+Ti)  +  b(Y  +  e)  +  appq] 

aPpqc 
-a3(p+q)cQ.  But  c^  =  — — — ,  hence 
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{pq[ab('V+6)+a(y  +  Ti)+b(Y  +  e)+appq]-atyY(p+q)  }|a3c_}. 

(17)    Cp  =  P 2_ 

'^  2l(ab)'^(Y)(7+l) 

We  co\ild  continue  to  compute  constants  c^.,  from  the 
recurrence  equation  (1^);  however,  we  choose  to  define  a 
general  solution  of  equation  (1)  In  terms  of  another  set  of 
constants  G_(p,q),  after  first  demonstrating  the  connection 
between  c  and  G  (p,q). 

Let  0^  =  G^(p,q),  (r  =  0,1,...),  and  define 

G  =  c  . 
o    o' 

G^  =  appqc  ,  and 

^2  ^   aPCQ{pq[ab('y+6)+a('y+T])+b(7  +  e)+appq]-abY(p+q)  }. 
Since  we  are  expanding  In  a  neighborhood  of  z  =  0,  we  may 
either  write  a  solution  of  equation  (1)  In  the  form: 

00 

(IS)    u(z)  =  Cq  +  Z  Cj,z^,  where  X  =  0,  or 

r=l 

00  <^  tF 

(19)  u(z)  =  Qq  +  Z  ;: ^ . 

r=l  rI(ab)^Y(7+l)  •••(Y+r-1) 

Comparing  equations  (1??)  and  (19)  i  we  observe  that 

Or 

(20)  c_  =  =; ,  (r  =  l,2,...). 

^   rI(ab)^(7)(T+l)  •••(Y+r-1) 

Substituting  equation   (20)    Into  equation   (15)    yields: 
G^-^[(ab)(r+l)(r)    -  Ai^(r^^l)] 


(21) 


(r+Dl    (ab)^^('Y)(7+l)---(T+r) 

Qr[(a+b-^ab)(r)(r-l)   +  A^^r  -^  B^] 
rl(ab)^(7)(Y+l)  •••('Y+r-1) 
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Gj._l[A2(r-l)+B2-(a+b+l)(r-l)(r-2) 
(r-l)I(ab)^'-^{Y)(7+l)  •••(7+r-2) 

^   G  p[(r-2)(r-3)+A,(r-2)+3,  ] 

+  i — i ± ,  where 

(r-2) l(ab)^'^(y)(Y+l)  •  •  .(Y+r-3) 
A^,  (1  =  1,2, 3,1^  is  given  by  equation  (2)  -  (5),  and 
Bj,(J  =  1,2, 3J  is  given  by  equation  (6)  -  (g). 

Substituting  eqiiation  (5)  Into  equation  (21)  we  get; 

(22)       G^.^^[(ab)(iH-l)(iM-^)] 

r+1 
(r+l):(ab)    (y)(7-H)  •••(7+r) 

^  Qr[(a->-b+ab)(r)(r-l)->-A3rM-B3] 


r 


rl(ab)  (7) (7+1) •••(7+r-l) 

^r-l'^^2^^"^^'^^2~^^"*'^'^^^^^*^^^^"^^^ 
(r-.l):(ab)''"^("^)(yfl)...(-y+r-2) 

^   Gr.2l^(^^-^)(^-3)+Aj^(r-2)^-Bj_] 

(r-2):(ab)^"^('y)(y+l)...(y+r-3) 

We  now  divide  numerator  and  denominator  of  the  left 
side  of  equation  (22)  by  (ab) ( r+l) (r+y) ,  then  multiply  both 
sides  of  the  result  by  r  I  (ab)  ^- (  7)  (-y+l)  •  • -(-y+r-l)  to  get; 
(23)    G^^   =  Gj,[(a-»-b+ab)(r)(r-l)+A  r+B  ] 

+  G^.irA2(r-l)+B2-(a+b+l)(r-l)(r-2)](r)(ab)(y+r-l) 

■*■  Gj._2[(r-2)(r-3)+A3^(r-2)+B^](r)(r-l)(ab)2(y+r-l)(Y  +  r-2) 
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Now  substituting  equations  (2)  -  (^)   and  (6)  -  (g) 
into  equation  (23),  and  remembering  that  G  =  0  (p,q),  we  get: 

(2i+)    G^i(p,q)  = 

Or^P»^n(a+b+ab)(r)  (r-l)+r[ab(Y+5)+a(Y+T^)+b(7+€)  ]+a3pq} 
-  Gj,^^(  p , q )  { ( a+b+1 )  ( r-l)  ( r-2 )  +  ( r-l)  [  ( l+a+p )  ( 1+a+b ) -ac -bn -6  ] 
+  a3(p+q)}[(r)(ab)(7+r-l)]+Gp_2(p,q){(r-2)(r-3) 
+  ( r-2 ) ( l+a+0 )+a  p} [ ( r ) ( r-l) ( ab) ^(7+r-l ) ( Y+r-2 ) ] . 
This  is  a  four  term  recurrence  equation  which  can  be 
used  to  generate  coefficients  Gj,(p,q);  r  =  1,2,-'-.   These 
coefficients  can  then  be  substituted  into  equation  (19)  to 
give  a  general  solution  of  equation  (1)  in  a  neighborhood 
of  z  =  0. 

Equation  (2^)  is  a  difference  equation  which  is 
undoubtedly  more  difficult  to  solve  than  the  original  differ- 
ential equation.   Consequently  we  shall  establish  criteria 
under  which  there  exists  a  two  term  recurrence  formula  con- 
necting the  coefficients  in  the  solution  of  a  second  order 
linear  differential  equation  with  five  regular  singular  points. 
We  shall  then  apply  these  criteria  to  equation  (1),  and  hence 
get  solutions  in  a  neighborhood  of  each  of  the  points  z  =  0, 
l,a,b,oo,  and  d,  where  d  ^  0,l,a,b,  or  00. 

The  aforementioned  criteria  were  first  established 
by  Scheffe  [13,  PP.  2^-^+91. 


CHAPTER  VII 
ON  SCHEFFE'5  CHITERIA 

The  solution  of  equation  (1)  In  Chapter  VI  Involved 
the  use  of  a  complicated  four  term  recurrence  equation. 

It  Is  our  purpose  in  Chapter  VII  to  establish 
criteria  under  which  a  solution  of  a  linear  ordinary  second 
order  differential  equation  will  have  a  two  term  recurrence 
relationship  between  successive  coefficients  In  Its  series 
expansion.   Criteria  for  such  a  recurrence  relation  were 
established  by  Scheffe  CL3,  p.  2kG  ]  for  an  n-th  order  linear 
ordinary  differential  equation. 

Consider  the  following  differential  equation: 

(1)  p^{z)\i"{z)   +  p^(z)u'(2)  +  Pq(z)u(z)  =  0. 

We  assume  that  p.(z)  are  analytic  and  p  (z)  ^0, 
(j  =  0,1,2),  In  a  region  R.  v;e  further  assume  a  solution  of 
equation  (1)  in  a  neighborhood  of  z  =  z  to  be  of  the  form; 

oo  j^^j, 

(2)  u(z)  =  Z  c  (z-z  )    ,  where  X  =   X     \     are  roots  of 

r=0  1  2 

the  indlclal  equation,  and  c  ^  0. 

v;e  now  define  the  region  R  as  consisting  of  all 
points  in  an  arbitrary  neighborhood  of  z  =  z  ,  except  the 


o 


point  Zq. 
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Multiplying  both  members  of  equation  (1)  by  (z-z  )  , 
where  m  Is  an  Integer,  we  get; 

(3)     P2(z)(z-Zo)°'u"(z)  +  p^(z)(z-z^)'°u'(z) 

+  Pq(z)(z-z^)%(z)  =  0. 

We  now  define  a  new  function  q^Cz)  as  follows; 

(^)     qj(z)  =  Pj(z)(z-Zq) '"'•',  (J  =  0,1,2),  and  substitute 
equation  (^)  Into  eqtiatlon  (3)  thus  obtaining; 

(5)      q2(z)(z-z^)^u"(z)  +  q^(z)(z-z^)u'(z) 

+  q^(z)u(z)  =  0. 

We  now  expand  qi(z),  (J  =  0,1,2),  In  a  Taylor's 

series  about  z  =  z^  to  get: 

oo 

Z 

k=0 

equation  (6)  gives  us: 


oo  . 

(6)     q4(2;)  =  I  q.  .  (z-z^)  ,  or  upon  expansion, 


(7)     %iz)    =  q^^o  +  ^,l(z-Zo)  +  •"  ^   ^,k(2-Zo)^-^  ••• 

(g)      qi(z)  =  q^^o  +  ^i,i(^-^o)  ^    '"   ■"   ^l.k^^-^o)""  ^  •• 
and 

(9)  -IgU)  =  ^2^0  +  «2,i(2-^o)  +  ••■  -^  "S.k'^-^o*"  *  ■• 
where  q,  j^,  (J  =0,1,2)  and  (k  =  0,1,2,  •••) ,  are  constants 
to  be  determined. 
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v:e  will  now  deraonstrate  the  existence  of  an  integer  m 
such  that  not  all  of  lAz^)   are  zero. 

Let  p^(z),  (j  =  0,1,2),  be  expanded  in  a  Taylors  series 
of  the  form; 

(10)  Po(2)  =  A^(z-Z„)'  +  At*i(=^--o'*''^  *  ••■ 

(11)  p  (2)  =  B  (z-z  )S  +  B  ^  (z-z  )=*1  +  ••• 

1       so      s+1    o 

(IS)    pg(z)  =o^(z-z^)".  Vl<==-^o)°''  "  ••■ 

,n+l 

where  t,  s,  and  n  are  non-negative  integers,  and 

(A^)(Bg)(Cj^)  :|=  0.   '.'.'e  note  that  if  (t)(s)(n)  >  0, 

then    pAz^)    =0,  contrary  to  the  restriction  p^(z)  ^0. 

Combining  equation  (U)  and  equations  (10)  -  (12) 
we  have ; 
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(15)     v==>=V-V"'*^Vi<-V"'''^-- 

,     ,m+t+l  , 

^  Vi'"-'o'        *  ■••■ 

(1^)     qi(^)  =  B^iz-Z^r^-^  *   B^^^(z-zJ»^^  *  ••• 

+  Bg^j^(z-z^)        +  •••  ,  and 

^  _   ,     .ra+n-1+2  _^ 

Now  m+t  >  0,  m+s-1  >  0,  and  m+n-2  >  0,  for  otherwise 
q.(z)  may  fall  to  be  analytic,  contrary  to  equation  (6) 
which  implies  analytlclty  of  q4(z)   not  only  at  z  =  z^, 
but  also  at  all  other  points  In  the  region  R. 

Suppose  ra+t  =  m+s-1  =  m+n-2  =  0.   Then  from 
equations  (13)-(1'^),  {A.)(B  )(C  )  ^0,  which  Implies 

u     6     Tl 

from  equations  (7) -(9)  that  (q^  q)^^   o^^^2  0^  ^  ^' 

and  the  condition  that  not  all  q,(z  )  be  zero  Is  fulfilled. 

J    ^ 

We  next  suppose  m+t  <  m+n-2,  m+t  <  m+s-1,  and  choose 
m  =  -t.   Then  from  equations  (7)  and  (I3)  we  note  that 
qQ  Q  =  A^  =1=  0,  since  (A^)(Bg){C^)  f  0. 

Again  we  suppose  m+s-1  <  m+t,  and  m+s-1  <  m+n-2, 
and  vre  choose  m  =  1-s.   Comparison  of  equations  (S)  and 
(1^)  reveals  that  q    =  B  4=  0. 
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Finally  we  suppose  ra+n-2  <  m+t,  and  m+n-2  <  m+s-1, 
and  choose  m  =  2-n.   Comparison  of  equations  (9)  and  (IS) 
reveals  that  for  this  choice  of  m,  we  have  <l2  0  ~  *^n  ^  ^* 

This  completes  the  demonstration  of  the  existence 
of  an  Integer  m  such  that  at  least  one  of  the  numbers  m+t, 
m+s-1  and  ra+n-2  can  be  made  to  vanish,  which  Implies  m  can 
be  chosen  such  that  not  all  of  lA^^)    =  0,  (j  =  0,1,2). 

Writing  equation  (2)  In  expanded  form  we  have: 

(16)  u(z)  =  c^(z-z^)   +  c^(z-z^)    +  ••• 

X+r-1     .    .X+r 
■^  ^r-l^^*^o^      ■*■  °r^^"^o^    '^" 

Differentiating  equation  (l6)  with  respect  to  (z-z  )  yields; 

(17)  u'(z)  =  c^X(z-z^)^"^  +  c^(X+l)(z-z^)^  +  ••• 

^   c^.l(^+^-l)(z-z^)^■''""^ 

+  c^(X+r)(z-Zj^)  '^^'-^   +  •••  , 

where  It  Is  to  be  understood  that 

ui(2)  =  ^^(^)   =  d^(z) 
d(z-z^)    dz 

Differentiating  equation  (17)  with  respect  to 
(z-Zq)  yields; 
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(IS)     u"(z)  =  c^X(X-l)(z-z^)^"^  +  c^(X+l)(X)(z-z^)^"-^  + 

N  X+r-3 
+  c„  -(X+r-1  (X+r-2)(z-z^)    ^ 
r-l  o 

+  c  (X-»-r)(X+r-l)(z-z  )  "*'^~^  +  •••  . 
r  o 

We  now  multiply  both  members  of  q,(z)  as  given  by 
equations  (  7) -(  9)  ,  by  (z-z  )  "^ ,  (J  =  0,1,2),  then  substitute 
the  results  into  equation  ("5)  to  get: 


(19)     t^s.O^^-^o^^  -^  ^2,l^^-^o)^  ■'•■••'  ^2.k<^-^o^ 


k+2 


k+3 
^  ^2,k.l<^-^o^    "  -OuVz) 

^  ^^i.o^^-^o)  ^  ^1,1(^-^0^^  -^  "•  -^  '^Lk^^-^o^'""^ 
^  ^l.k^l^^-^o^^"^  ""  --Ou'lz) 

■^  f^0,0  -^  ^0,1(^-^0)  -^  "•  ■'^0,k(^-^o) 

■"  ^0,k+1^2-^o)    -^  •••]u(z)  =  0. 

where  u"(z),  u*(z),  and  u(z)  are  given  by  equations  (16)  - 

(IS). 

Equating  the  coefficient  of  (z-z  )   to  zero,  we 

o 

obtain  the  indicial  equation,  thus: 

(20)  q2.o^o^^^^^-i^  ^  ^i,oV  -^  %,0%  =  0' 

where  o^  =f=  0,  hence 

(21)  X(X-l)q2^o  +  Xq^L^O  +  q^^^  =  0. 
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Now  In  Pochhamraer's  notation,  [11], 
[M.  =  (X)(X-1)  •  • -(^-J+l),  If  J  is  a  positive 
Integer,  and  [xIq  =  1  by  definition.  Thus  equation  (21), 
when  expressed  In  Pochhammer' s  notation,  becomes; 

(22)  q2,o^^^2  -^  ^l.O^^^l  ^  ^CO^^^O  =  0- 

,X+1 
Similarly  the  coefficient  of  (z-Zq)    is 

(23)  C-L[(X-H)(X)q2^0  -^  (^-^1)^1,0  "^  ^0.0^ 

+  CQrx(X-l)q2  -^   +  Xq^^i  +  ^0,1^  "  ^»  °^  ^" 
Pochhammer's  notation,  equation  (23)  becomes; 

(24)  c^Ucot^-^l^O  -^  ^l,0t^-^l^l  ^  ^2.0^^-^1^2^ 

■^  °o^^O,lt^^O  -^  ^1,1^^^1^  ^2,1^^^2^  =°- 

We  now  write  the  coefficient  of  the  general  terra, 
namely  (z-z  ) 


Ill 


(25)  {c^[q2^Q(X+r)(\+r-l)    +  qi^o^^"^^^    ^  ^,0^ 

+   Cr-l'^^2   i(^+r-l)(X+r-2)    +   q^   3_(X+r-l)    +   q^   ^] 

+  Cr-2^^2   2^^'^^"2)^^"^^"5)    +   ^1    2^^'^^-2)    "^   ^0    2^ 
+    . 

+    . 

+    cJq2^^(X)(X-l)    -^    Xq^^^-^   qo^^]}    =0. 

Eqxiatlon   (25),   using  Pochhamner' s  notation,   becomes 

(26)  \^r^^2,0^^'^^h  ■*"   ^l.o'^^'^^^l  ^   ^O.o'^^'^^^O^ 

+   c^.2<q2^2^X+r.2]2  +   qi,2[^-^r-2]^  +  ^,2^^^^-2^0^ 


+    . 


+   c    (q^      CX]„  +  q^       [X]^    +   q^      [X]^)}    =  0 
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We  nov;  define 

2  . 

(27)    %i^^^   ^     ^  %   m^^-'t*  ^°  ^^^   equation  (26)  may  be 

written  as  follows: 

r 
(2S)     ^   ^(^"•"^"^^^r-m  "^  °»  °^  ^"  expanded  form, 
01=0 

equation  (2?!)  becomes: 

(29)  QQ(X+r)Cj.  +  (ci3_(X+r-l)Cj,_3_  +  •••  +  %,i'^^r-m)c^_^ 

+  •  •  •  +  %{^)c^   =  0. 
For  m  =  h,  some  positive  Integer,  we  note  that 

(30)  Q^(X+r-h)  =  q^  ^[X+r-h]^  +  ^i^h'^^'^'^'^^l 

also  when  m  =  0,  we  have: 

(31)  Wo(X+r)  =  q2^o'^^'^^^2  "^  ^l,o'^^'^^^l  "*"  %,0^^"*'^tt  0, 

since  by  hypothesis  not  all  of  q  q,  q^  „  and  q^  ^  vanish 
simultaneously . 

Now  by  definition,  equation  (1)  is  said  to  have  a 
two  term  recurrence  equation  relative  to  z  =  z^  if  the 
recurrence  equation  is  of  the  form: 
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(32)  f(r,X)Cj.  +  g(r,X)Cj,^j^  =  0,  where  r  =  h,  h+1,  •••  , 
and  where  h  is  some  positive  Integer.  Also,  neither  f(r,X) 
nor  g(r,X)  Is  Identically  zero  In  both  r  and  X,  otherwise 
equation  (32)  would  not  contain  two  non-zero  terms. 

Inasmuch  as  QQ(X+r)  ^  0  from  equation  (31) i  we  note 
that  necessary  and  sufficient  conditions  for  equation  (32) 
to  be  a  two  term  recurrence  equation  are  that 

(33)  Qh(X+r-h)  +  0.  and 

(3^)    Qn,(X+r-ra)  =0.  (m  =1=  0,h). 

The  necessity  of  equation  (33)  Is  evident.  Equation 
(34-)  may  be  analyzed  as  follows;  The  Qjjj(X+r-m)  are  poly- 
nomials of  degree  less  than  or  equal  to  2,  and  can  vanish 
for  r-m  =  h,h+l,  h+2,  and  fixed  X,  only  If  Q^(X+r-m)  =  0. 
Hence  equations  (33)  and  (3^)  are  equivalent  to 

(35)  ^j  h  "^  °  ^°^  ^^°^^   ^^   ^   0.1»2),  and 

(36)  qj^ni  =  0  for  (J  =  0,1,2;  m  +=  0,h). 

The  coefficients  of  Pj(z)  In  equation  (9)  are  then 
of  the  form; 

The  above  results  are  summarized  In  the  following 
theorem; 
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Theorem:  Necessary  and  sufficient  conditions  for 
a  solution  of  a  second  order  linear  ordinary  differential 
equation  to  have  a  two  term  recurrence  equation,  relative 
to  a  point  z  =  z  ,  Is  that  In  some  neighborhood  of  the 
point  z  =  Zq, 

(3g)    pj(z)  =  [Sj  -  Tj(z-ZQ)h][z-ZQ]J"™,  where  m  Is  an 

Integer,  h  Is  a  positive  Integer  end   the  constants 

S,=q,  _,  T,  =-q,  .  are  such  that  S.T,  +0  for  some 
J     J ,0'   j    ^J ,h  1  J 

(1  =  0,1,2)  and  (J  =  0,1,2) . 

In  Chapter  VIII  we  will  apply  the  above  criteria 
to  a  second  order  linear  ordinary  differential  equation 
with  five  regular  singular  points. 


CHAPTER  VIII 


ON  THE  APPLICATION  OF  SCHEFFE'S  CRITERIA  TO  THE 
EiciUATION  WITH  FIVE  REGULAR  SINGULAR  POIOTS 


Solution  In  a  Neighborhood  of  z  =  0 
The  differential  equation  to  which  we  will  apply 
Scheffe's  criteria  was  derived  In  Chapter  V,  and  Is  re- 
peated here  for  convenience; 

if 
dz 


(1)      (z)(z-l)(z-a)(z-b)^  +  (A3^z3  +  A^z^  +  A^z  +  Ai^)§| 

3 


+  (B^z^  +  B^z  +  B, )u  =  0,  where 


(2)  A^  =  (l+a+3), 

(3)  A^  =  -[(l+a+3)(l+a+b)  -  ac  -  br^  -  6], 
(^)  A^  =  [ab(Y+6)  +  a(Y+T^)  +  h{y-^e)], 

(5)  All  =  -aby, 

(6)  B^  =  ap, 

(7)  B^  =  -ap(p+q) ,  and 
(3)  B^   =  oppq. 

We  may  write  equation  (1)  as  follows: 

2 

(9)  P2^z)^  +  Pl^^^f^  ^   Po(z)^  =  0,  where 

dz 

(10)  P2(z)  =  (z)(z-l)(z-a)(z-b), 

and 


(11)     P]_(z)  =  A^z^  +  A^z^  +  A-,z  +  A||, 

3 


(12)    Pq(z)  =  B^z^  +  B^z  +  B,. 
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Scheffe's  criteria,  which  were  derived  in  Chapter  VII, 
proves  that  p.(z)  is  written 

(13)    Pj(z)  =  [Sj  -  Tj(z-z^)^][z-z^]J-^,  (J  =  0,1.2), 

whenever  a  solution  to  equation  (1),  in  a  neighborhood  of 

z  =  z  .  has  a  two  term  recurrence  equation.  We  recall  the 

o  ' 

fundamental  criteria  in  connection  with  equation  (13) 
such  as : 

(lU)     Sj_Tj  4=  0  for  some  (1  =  0,1,2)  and  (J  =  0,1,2),  h  is 
a  positive  integer,  and  ra  is  an  integer. 

If  we  assume  a  solution  to  equation  (1)  in  a  neigh- 
borhood of  z  =  z  ,  we  initially  make  the  following  variable 
change 

(1"^)    w  =  z  -  Zq,  or 

(16)    z  =  w  +  z  .  We  then  expand  using  the  method  of 
Frobenlus  [3,  p.  21^-]  in  a  neighborhood  of  w  =  0  as  follows; 
00 


^x+3r 
equation  (17)  becomes; 


(17)    u(w)  =  Z  Ct^w    ;  ^t  0,  or  in  expanded  form, 
r=0  ^  ' 


x+3  +  ...  +  c,  w^+3r 


(Ig)      U(w)  =  CqW^  +  C,W^"^>'  +  •  •  •     +    Cj 

X+3r+3  ^ 
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Differentiating  equation  (IS)  with  respect  to  w  yields: 

(19)  u'(w)  =  CqXw^"^  +  c^(X+3)w^"^^  +  •••  +  c^^(X+3r)w^"*'^^*^ 

where  u' (w)  =  t^, 
aw 

Differentiating  equation  (19)  with  respect  to  w,  gives 
the  following  expression: 

(20)  u"(w)  =  CqX(X-1)w^-2  +  o,(X+3)(X+2)w^'*"^  +  ••• 

+  c^^(X+3r)(X+3r-l)w^'^5^-2 

+  c3P+3(X+3r+3)(X+3i^2)w^"^3^^  +  •••  . 

The  preceding  relationships,  together  with  related 
theory,  will  serve  as  a  basis  on  which  we  can  proceed  to  apply 
Scheffe's  criteria  to  equation  (1). 

Since  we  are  initially  expanding  in  a  neighborhood 
of  z  =  0,  we  let  Zq  =  0  in  the  preceding  equations,  and  let 
w  a  z.  Thus  there  is  no  change  in  equation  (1). 

In  equation  (13)  we  let  J  =  2,  and  assujne  Sg  =  0. 
We  now  compare  equations  (10)  and  (13)  and  deduce  the  follow- 
ing identity  when  z  =  0: 

(21)  -TgZ^-^*'*"^  a  z^  -  z3(a+b+l)  +  z2(a+ab+b)-abz. 
Evidently  h  -  m  +  2  =  ^,  otherwise  the  coefficient 

h 

of  z^  in  the  left  member  of  identity  (21)  is  zero,  while 
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the  coefficient  o f  z^  In  the  right  member  Is  unity.  This 
Is  an  obvious  Inconsistency. 

Equating  like  powers  of  z  In  Identity  (21)  we  get 
the  following  set  of  equations : 
(1)  T^  =  -1, 
(11)  a+b+1  =  0, 
(111)   a+ab+b  =  0 ,  and 

(Iv)   ab  =  0. 
An  attempt  to  solve  the  above  equations  leads  to  an 
Inconsistency,  hence  we  conclude  So  4=  0. 

We  next  assume  T2  =  0,  and  again  comparing  equations 
(10)  and  (13)  yields  the  following  Identity: 

(22)  Sgz^""  =  z^  -  z3(a+b+l)  +  z2(a+ab+b)  -  abz. 

As  before,  2  -  m  =  4,  otherwise  S2  =  0  and  we  have 
the  Inconsistency  previously  mentioned. 

Equating  the  coefficients  of  like  powers  of  z  In 
Identity  (22)  gives  the  preceding  set  of  Inconsistent 
equations .  We  therefore  conclude  S^  4*  0 .  We  now  have 
S2T2  4=  0,  and  restriction  (l^l-)  Is  satisfied. 

Since  neither  S2  nor  Tg  Is  zero,  we  again  compare 
equations  (10)  and  (13)  to  get  the  following  Identity: 

(23)  P2(z)  =  S2z2-'^  -  T2Z^-^2 


z  -  z3(a+b+l)  +  z^(a+b+ab)  -  abz. 
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Now  since  h  Is  a  positive  Integer,  h-m+2>2-m, 
therefore  h-m+2=U,  or 
{2k)  h  -  m  =  2. 

Prom  equation  (24-)  we  deduce  the  following  set  of 
values  for  h  and  m: 


Case  I :  h  =  1 
Case  II:  h  =  2 
Case  III;  h  =  3 


m  =  -1, 

m  =  0 ,  and 

m  =  1. 

That  this  set  of  oases  Is  exhaustive  may  be  demon- 
strated as  follows;  From  Scheffe's  criteria,  h  Is  a  positive 
Integer,  Thus  m  cannot  be  less  than  -1.  Suppose  h  >  4-, 
then  from  equation  (2'+)  m  >  2.  But  from  Identity  (23), 
m  >  2  Implies  Sp  =  0,  which  Is  Impossible,  Therefore 
the  above  cases  form  an  exhaustive  set. 

We  will  Investigate  each  of  these  cases  In  turn. 
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Case  I:  h  =  1:  m  =  -1 
For  these  values  of  h  and  m,  Identity  (23)  becomes; 

(25)  P2(z)  =  S2Z^  -  T^z  5  z  -  z^(a+b+l)  +  z^(a+b+ab)  -abz 
Equating  coefficients  of  like  powers  of  2  In  this 

Identity  gives  us  the  following  set  of  equations; 
(1)  T^  =  -1, 
(11)  S^  =  -(a+b+1), 
(111)  a+b+ab  »  0,  and 

(Iv)  ab  =  0. 
Prom  this  set  of  equations  we  conclude  that  Sg  =  -1, 
and  equation  (I3)  becomes; 

(26)  P2(z)  =  z^  -  z3. 

Comparing  equations  (11)  and  (I3),  where  J  =  1, 
h  =  1  and  m  =  -1,  gives  the  following  expression; 

(27)  Pi(z)  =  S-j^z^  -  T^z^  =  A^z^  +A2Z^  +  A,z  +  Aj^. 

Proceeding  as  before,  we  get  the  following  set 
of  equations ; 

(1)  Ti  =  -Ai  =  -(l+a+3), 
(11)   S-L  =  A2  =  -[(l+a+p)(l+a+b)  -  ae  -  bi)  -  6], 
(111)  A^  =  0  =  [ab(Y+6)  +  3(7+1^)  +  b(Y+€)],  and 

(Iv)  A|j^  =  0  =  aby. 
There  are  several  choices  at  our  disposal  from 
equation  (iv)  ;  however,  we  choose  a  =  b  =  0,  T't'  0. 
Equation  (27)  then  simplifies  to; 
(2g)    pi(z)  =  (l+a+3)z3  -  (l+a+3-6)z2. 
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Now  comparing  equations  (12)  and  (I3)  with  J  =  0, 
h  =  1,  and  m  =  -1^  we  have  the  following  Identity; 

(29)  Pq(z)  =  SqZ  -  TqZ^  ■  B^z^  +  B2Z  +  B^,  from  which 
we  get  the  following  set  of  equations; 

(1)  To=-Bi=-aa, 
(11)   Sq  =  62=  -a3(p+q),  and 
(ill)   B^  =  0  =  appq. 

Now  from  equation  (ill),  ap  4=  0»  otherwise 
equation  (1)  becomes  essentially  a  first  order  differential 
equation.  Therefore  pq  =  0.  We  choose  q  =  0,  p  +  0,  then 
equation  (29)  becomes; 

(30)  Po^2^  °=  ^32^  -  appz. 

Substituting  equations  (26),  (23)  and  (30)  into 
equation  (9)  gives  us  the  following  equation: 

(31)  (z'^  -  z3)l-^+  [(l+a+p)z3  -  (l+a+3-6)z2]^ 

dz^  ^z 

■«■  a0z(z-p)u  =  0,  or 
upon  slight  simplification,  equation  (31)  reduces  to: 

2 

(32)  z2(z-l)^+  [(l+a+p)z2  -  (l+a+3-6)z]|ii 

dz2  dz 

+  ap(z-p)u  =  0. 
Equation  (32)  was  derived  on  the  basis  of  choosing 
a=b=q=0,YP^O.  .  Other  choices  will  produce  other 
differential  equations. 
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We  will  now  claBSlfy  equation  (32)  in  the  notation 

of  Ince  [5,  p.  ^97]. 

Equation  (32)  can  be  written  as  follows: 

(33)    ^+  [(l+a+3)/(z.l)  -  (l+a+p-5)/(z2-z)]|| 

+  [ap(z-p)/(z^-z2)]u  =  0,  or 
2 
(3^)    ^  +  P(z)f7  +  q(z)u  =  0,  where 


(35) 


p(z)  =  [(l+a+P)/(z-l)  -  (l+a+3-6)/(z^-z)],  and 

(36)  q(z)  =  [a3(z-p)/(z3-z2)]. 

We  note  from  equations  (35)  and  (36)  that 

(37)  zp(z)  =  [z(l+a+3)/(z-l)  -  (l+a+3-6)/(z-l)],  and 

(38)  z2q(z)  -  [a3(z-p)/(z-l)]. 

By  saying  an  equation  Is  analytic  at  a  point,  we  shall 
mean  the  function  defined  by  the  equation  is  analytic  at  that 
point.  Subject  to  this  definition,  we  see  that  equations  (37) 
and  (3g)  are  both  analytic  at  z  =  0,  hence  we  conclude  that 
z  =  0  Is  a  regular  singular  point  of  equation  (33) • 

Again  from  equations  (35)  and  (36)  we  have; 

(39)  (z-l)p(z)  =  [(1+a+p)  -  (l+a+0-6)/z],  and 
(iW)    (z-l)2q(z)  -  (z-l)(a3)(z-p)/z2. 

Now  since  equations  (39)  and  (^0)  are  both  analytic 
at  z  =  1,  we  conclude  that  z  =  1  is  also  a  regular  singular 
point  of  equation  (33). 

In  order  to  Investigate  the  point  at  infinity,  we 
first  make  the  variable  transformation: 
{hi)         V  =  1/z. 
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We  then  consider  the  transformed  differential  equation; 

2 
(^2)    ^  +  [2/v  -  (l/v2)p(l/v)]f^  +  (l/v^q(l/v)u  =  0. 

In  Chapter  I  we  noted  that  If 

vC2/v  -  (l/v2)p(i/v)]  and  v2[(i/v^)q(i/v) ]  are 

both  analytic  at  v  *  0,  then  v  =  0  Is  a  regular  singular 

point  of  equation  {^2).     This  Implies  that  Infinity  Is  a 

regular  singular  point  of  equation  (33).  Accordingly,  from 

equation  (U2)  we  have; 

(^3)   v[2/v  -(l/v2)p(l/v)]=  2-r(l+a+P)/(l-v)-v(l+a+0-6)/(l-v)], 

and 

{^      v2C(l/v^)q(l/v)]  ■  '^PU-P^). 

1  -  V 

Since  equations  (4-3)  and  {U-k)    are  analytic  at  v  =  0,  we 
conclude  that  v  =  0  Is  a  regular  singular  point  of  equation 
(^2),  and  hence  Infinity  Is  a  regular  singular  point  of 
equation  (33) . 

We  have  now  tested  all  points  at  which  equation  (33) 
falls  to  be  analytic,  and  thus  conclude  that  equation  (33) 
has  no  Irregular  singular  points.  We  will  now  determine 
whether  or  not  the  point  z  =0,  1,  and  Infinity  are  ele- 
mentary singular  points  [5,  p.  ^97]. 
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Let  a  solution  of  equation  (32)  In  a  neighborhood 
of  z  =  0  be  vrrltten  In  the  form: 

(i^5)    u(z)  =  CqZ^  +  ciz^+1  +  •••  +  Cj,z^+r  +  •••  ;  Cq  ^=  0. 
Differentiate  equation  (4-5)  with  respect  to  z  to  get: 

(^6)    u«(z)  =  CqXz^-1  +  C;l(^+1)z^  +  ••• +c^X+r)z^"^^-^+ ••  •. 
Differentiate  equation  {kS)   with  respect  to  z  to  get: 
(J+7)    u^z)  =  OqX(X-1)z^-2  +  Ci(X+l)(X)z'^-l  +  ••• 

+  Cj,(X+r)(X+r-l)z^"^^-2  +  •••  . 

Substitute  equations  (^5)-  (^7)  Into  equation  (32), 
and  equate  the  coefficient  of  z^  to  zero  to  get  the  following 
Indlclal  equation: 

(^2)    -CqX(X-I)  -  0QX(l+a+3-6)  -  o^app  =  0. 
The  values  of  X  which  satisfy  equation  (U-&)   are  the  exponents 
of  equation  (^5)  at  z  =  0. 

Solving  equation  (^S)  for  X  we  get: 

x^  -       p— *= ,  and 

X^  =  ^  '  ^  -P  -^  ^   ^   ^here  R  «  ^^(a+p-S)^  -  l^opp. 
From  the  above  expressions  we  note  that 

X^  -  X]_  =  v(a+p-6)2  .  ij^p  ^  aj;i(i  hence  Xg  -  X^^  ^  i  . 

We  thus  conclude  that  z  =  0  is  not  an  elementary  singularity 
of  equation  (33) . 
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To  Investigate  whether  or  not  z  =  1  is  an  elementary 

singularity,  we  first  make  the  variable  transformation 

V  =  z  -  1,  whence  z  =  v  +  1.  Equation  (32)  now  becomes: 

2 
(4-9)   v(v2+2v  +1)^  +  [(l+a+p)(v2+2v+l)  -  (l+a+3-6)(v+l)  ]4^ 
dv2  ^^ 

+  ap(v+l-p)u  =  0. 

Proceeding  as  before,  we  obtain  the  following 

Indlclal  equation  when  we  equate  the  coefficient  of  v  ^^ 

to  zero  r 

(50)  CqX(X-I)   +  o^XCd+a+p)    -   (l+a+p-6)]  =  0. 
Solving  equation   (50)   we  get 

X-j_  =  0,    and 

X2  =  1  •  *• 
Since  ^2  -  X^  ^  1/2 i  we  conclude  that  z  =  1  Is  not  an 
elementary  singularity. 

We  finally  investigate  whether  or  not  Infinity  Is 
an  elementary  singularity.  First  we  let 

(51)  V  =  1/z.  Then 

/__v    du   _  2  du     , 
^52)    dl  =   ^  d7  '  ^^ 

2        2 

/ 1--,  \  d  u    h.   d  u  ^  -  ■?  du 

Substituting  equations  (51)  -  (53)  Into  equation  (32)  gives 
the  following  equation: 
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+  [(l+a+3)(l/v2)  -  (l+a+p-6)(l/v)][-v2  1^] 

+  a^(^  -  p)u  =  0. 

Simplification  of  equation  (5^)  yields: 

2 

(55)  v^(l-v)^+  [2v(l-v)  -  v(l+a+3)  +  v^{l+a+&-5)  ]^ 

+  ap(l  -  vp)u  =  0. 
Proceeding  as  before,  we  obtain  the  following  Indlclal 
equation  upon  equating  the  coefficient  of  v^  to  zero: 

(56)  CqX(X-I)  +  CQX[2-l-a-p]  +  c^ap  =  0;  Cq  +  0. 
Solving  equation  (56  )  gives : 

X]^  =  a,  and 

X2  =  p  . 
Consequently  X2  -  X]_  ^  1/2,  so  that  infinity  Is  not  an 
elementary  singularity. 

To  siimmarize,  equation  (32)  has  no  elementary  singu- 
larities, three  regular  singular  points,  and  no  Irregular 
singular  points.  We  therefore  classify  equation  (32)  in 
the  notation  of  Ince  as  an  equation  of  the  [0,3,0]  class. 

We  will  now  investigate  Case  II. 


127 


Case  II :  h  =  2 :  m  =  0 

For  these  choices  of  h  and  a,    identity  (23)  becomes: 
(57)    P2(z)  =  ^22^  -  T2z'^  =  z^  -  z5(a+b+l)  +  z^(a+b+ab)  -abz. 

Equating  coefficients  of  like  powers  of  z,  we  get 
the  following  set  of  equations: 
(1)  T2  =  -1, 
(11)   82=  a+b+ab, 

(111)   a+b+1  =  0,  and 
(Iv)   ab  =  0. 

From  equation  (Iv)  we  can  choose  a  =  0,  b  =^  0; 
b  =  0,  a=fO;  ora=b  =  0.  The  latter  choice  produces  an 
Inconsistency  In  equations  (11)  and  (111),  hence  we  choose 
a  =  0,  b  =^  0.   From  equation  (111),  when  a  =  0,  b  =  -1, 
and  thus  from  equation  (11),  S2  =  -1.  Equation  (57)  then 
becomes : 
(5g)    P2(2)  =  z^  -  z^. 

Comparing  equations  (11)  and  (13)  when  J  =  1,  h  =  2, 
and  m  =  0,  we  deduce  the  following  expression: 
(59)    Pi(z)  =  S^z  -  T^z3  =  A-j^z3  +  A2Z2  +  A^z  +  Aj^. 

Equating  coefficients  of  like  powers  of  z  In  Identity 
(59)  we  obtain  the  following  set  of  equations: 
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(1)    T;l  =  -"^1' 
(11)    Si  =  A3, 

(111)  Ag  =  0,  and 
(iv)  All  =  0,  where  A^,  (1  =  1,2,3,^),  are  given 
by  equations  (2)  -  (5). 

Now  for  a  =  0  and  b  =  -1,  equations  (1)  and  (11) 

become : 

T]_  =  -d+a+p)  , 

S^  =  —y  -€  ,  and  substitution  Into  equation  (59) 
gives  the  following  expression: 

(60)  Pi(z)  =  (l+a+3)z3  -  (Yf€)z. 

Finally,  for  J  =0,  h  =  2,  and  m  =  0  we  have,  upon 
comparing  equations  (12)  and  (13) ,  the  following  Identity; 

(61)  Po^z)  =  So  -  TqZ^  5  B^z^  +  B2Z  +  B3,  from  which  we 
get  the  following  equations  upon  equating  coefficients  of 
like  powers  of  z: 

(1)   To  =  -Bi, 
(11)  Sq  «  B3,  and 
(111)   B2  =  0. 

Now  op  =f  0,  hence  In  equation  (11)  p  =  -q,  and 
equations  (1)  and  (11)  become: 

Sq  =  -app  ,  and  substitution  Into  equation  (61) 
gives  the  following  equation: 

(62)  Po^z)  =  <^Pz^  -  app^. 
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Substituting  equations  (5^),  (6o),  and  (62)  Into 
equation  (9)  gives  the  following  equation: 

2 

(63)    z^Cz^-l)^  +  [(l+a+3)z^  -  (-Y+€)z]§ii  +  a3(z2-p2)u  =  0. 
dz2  dz 

Equation  (63)  was  derived  on  the  basis  of  choosing 
a  =  0,  b  =  -1,  and  p  =  -q.  Other  choices,  such  as  a  =  -1, 
b  =  0,  and  q  =  -p,  would  yield  other  differential  equations. 
Since  equation  (63)  Is  a  confluent  form,  we  will  not  study- 
It  any  further  at  this  time.  However,  we  note  In  passing 
that  equation  (63)  can  be  classified  In  a  manner  analagous 
to  that  which  was  used  to  classify  equation  (32) . 

We  will  now  Investigate  Case  III. 
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Caae  III:   h  »  "5 :   m  =  1 
For  these  choices  of  h  and  m,  Identity  (23)  becomes; 
(64-)    P2(z)  =  SgZ  -  TgZ^  s  z^  -  z5(a+b+l)  +  z^(a+b+ab)  -abz, 

Again,  equating  coefficients  of  like  powers  of  z 
gives  the  following  set  of  equations: 
(1)   T2  =  -1, 
(11)   Sj  =  -ab, 
(111)   a+b+1  =  0,  and 

(Iv)   a+b+ab  =  0. 
Solving  equations  (111)  and  ( Iv)  simultaneously  gives 
the  following  numerical  values  for  a  and  b: 

a-^  =  u  ;       b-j^  =  (J  ;  and 

P  2 

a2  =  u  ;  b2  =  w ,  where  1 ,  w ,  and  w  are  the  cube 

roots  of  unity,  such  that 

(65)  1  +  w  +  w^  =  0. 

2 
We  choose  a-j_  =  w  and  b-j^  =  u  ,  then  equation  (11) 

becomes ; 

S2  =  -1,  also  T2  =  -1.  Substituting  these  values 

into  equation  (6^+)  gives  us: 

(66)  P2(z)  =  z^  -  z. 

We  now  compare  equations  (11)  and  (13)  where  J  =  1, 
h  =  3i  and  m  =  1,  to  obtain: 

(67)  p^(z)  =  S^  -  T^z3  =  A^z3  +  A2z2  +  A,z  +  Aj^. 
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Equating  coefficients  of  like  powers  of  z  in 
Identity  (67)  yields: 

(1)   T-L  =  -A^, 

(11)    S;j^  =  Ai^, 

(111)   Ag  =  0,  and 
(Iv)   A^  =  0. 

Now  from  the  above  choices  for  a  and  b,  A|^  =  -7, 
hence  we  have  immediately  from  equation  (67) 
(6g)    p^(z)  =  (l+a+P)z^  -  7. 

Again,  we  compare  equations  (12)  and  (I3)  where 
J  =0,  h  =  3,  and  m  =  1  to  get: 

(69)  Po(z)  =  SqZ"^  -  TqZ^  5  B^^z^  +  B2Z  +  B,. 
Proceeding  as  above,  we  equate  coefficients  of  like  powers 
of  z  in  Identity  (69)  to  obtain: 

(1)  T^  -  -B^, 
(il)   Sq  =  0, 
(ill)   B2  «  0,  and 

(Iv)   B^  =  0. 
Since  B^  =0,  we  conclude  that  p  +  q  =  0  since 
ap  'I'  0.  hence  p  =  -q.  Further  since  B,  =  oPpq  =  0,  then 
P  =  -q  =  0. 

Equation  (69)  then  becomes: 

(70)  Pq(z)  =  aPz^. 
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Substituting  equations  (66),  (6g),  and  (70)  Into 
equation  (9)  gives  the  desired  non-confluent  differential 
equation: 

o 

(71)  (z^-2)^  +   [(l+a+p)z3   -YJfii  +  apz^  =  0. 

dz2  dz 

2 
Equation  (71)  was  derived  by  letting  a  =  u  ,  b  =  w  , 

and  p  =  q  =  0,  where  u   =    ^  v^,  and  1^  =  -1.  We  classify 
equation  (71)  as  an  equation  of  the  [0,5,0]  class,  since  It 
contains  no  elementary  singularities,  and  no  Irregular 
singular  points. 

We  will  now  solve  equation  (71)i  ^7  first  assuming 
a  solution  of  the  form  given  by  equation  (1?5),  with  w  s  z. 
We  next  substitute  equation  (66)  Into  equation  (20),  substi- 
tute equation  (6g)  Into  equation  (19),  and  equation  (70) 
Into  equation  (IS).  The  result  follows: 

(72)  Cz^-z][CqX(X-1)z^-2  +  C3(X+3)(^+2)z^-*-l  +  ••• 

+  C3j.(X+3r)(X+3r-l)z^-^3r-2 

+  c^j^^(X+3r+3)(\+3r+2)z^+3r+l  +  •..] 

+  [(l+a+p)z3-'Y][cQXz^-l  +  c-5(X+3)z^"^2  +  ... 

+  C3^(X+3r)z^-*-3r-l  +  c3j^3(X+3r+3)z^-^3r+2  +...- 

+  [a3z2][cQZ^  +  c-5Z^"''3  +  •••  ■^c^^z^'^^^ 
+  C3^3z^-^3r+3  +...]=  0. 
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We  obtain  the  indlclal  equation  by  equating  the 
coefficient  of  z^*-^  to  zero: 
(73)    -Co\(\-l)  -Y  (CqX)  =  0,  so  that  for  Cq  *  0, 

X  =  0,  1  -  7.  This  Is  a  verification  that  the 
exponents  at  z  =  0  are  X  =  0,  1  -  -y  ,  as  chosen. 

To  obtain  the  recurrence  formula,  we  equate  the 
coefficient  of  z^+3i^2  ^^  zero: 
(7^)    Oj^{x+3r){\-*-3r-l)   -  Cjj^^(X+3r+3)(X+3r+2) 

+  (l+a+p)(c3j.)(X+3r)  -  7C3j^3(X+3r+3) 
+  apc-jj,  =  0. 

Solving  equation  ijk-)   for  Ctj^t  yields: 


(75) 


,  [(^■^3r)(X-^3r-l)  ->•  (l^g-t-B)  (X-t-3r)  -k  as] 
^3i*+3      (X+3r+3)(X+3r+2)  +  7(X+3r+3)     ^3r 


Upon  slight  simplification,  equation  (75)  becomes: 

(76)  cri^^   =  (X-t-3r^a)(X+3r^-p) 

In  equation  (76),  let  r  =  0,  then 

(77)  °3  '  i'ClvliTs^)   °o-  Next,  let  r  =  1  m 
equation  (76),  hence 

^     ^   (x+3+3)(x+3+2+7)  1* 

We  now  substitute  equation  (77)  Into  equation  (7^)  to  get: 
(79)    CA-       (^•^ct)(X-K^->-3)(X-t-3)(X-fs->-3) 
'^'  ^        (X+3)(X+3+3)(X+2+'Y)(X+2n-»'3)   °* 
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We  now  generalize  by  letting  r  =»  n-1  in  equation  (76) 

to  get; 

,^^v   ^    ( X+g )  ( X-t-g+l )  '  •  •  (  ^^^a+^n-3 )  ( X-»-e )  ( X•^3^^3 )  •  •  •  ( X-*-0+3n-3 )  ^ 
i5o;  0311-  (x+3)(x+3+3)  ...(x+3+3n-3)(X+2+Y)---{X+2+Y^-3n-3)  °o- 

Dividing  numerator  and  denominator  of  equation  (SO) 
by  3   »  we  obtain; 

""  °3n=  (X±i)(i±i,,)...,Xii,„.,H^).--(M2±Q^n-l)  "^ 

We  now  set  X  =  0  in  equation  (21),  and  substitute  the 

result  into  equation  (1?) 1  where  equation  (17)  is  written 

as  follows ; 

(32)  u(w)  =  CqW^'CI  +  E  -e^w^^].  We  then  get: 

n=l 


00  (t)  (f^l)  •  •  •  (i^-n-l)  (|)  (ffl)  •  •  •  (fi^n-1)  , 

(33)   u(w)  =  K-lCI  +  E   ^   V-h2  vt-2 ^T? ^ ^^''^» 

■^    n=l  nl(^)(^  +  l)---(^  +  n-1) 

provided  Y^l-3n,  (n  =  l,2,,,.). 

We  now  recall  that  the  expression  for  the  hyper- 
geometric  function  is; 

00 


6k)      F(ab-c-z)=l+  g'(a)(an)--(a-fn-l)(b)(b41}"-(b+n-X)^ 
84)   FU,b,c,z)  -1+^L_^      nI(o)(c+l)  •••(c+n-1)         ^' 
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Comparing  equations  (83)  &^d  (S4-),  we  can  express 
u(w)  In  terms  of  the  hypergeometrlc  function.  We  first 
establish  the  following  correspondences: 

a  =  a/3,    c  «=  (y+2)/3, 

b  =  p/3,  and  2  =  w^ . 

Equation  (S3)  now  becomes; 
(25)  U3^(z)  =  K3^P(|.  |;  ^;  z3);  ^^  i.3n,  (n  =  1,2,...). 

Similarly,  we  let  X  =  1  -  7  in  equation  (81)  to  get: 

Substituting  this  expression  into  equation  (82),  and  letting 
z  ■  w  produces  the  following  expression: 

(67)   U2(z)  =  (K2Z^-'V)(S),  where 

3  =  1+2:  5 2 2 — ^ — i z3n 

n«l   nl(^^)(^^+  l)---(i=|^+  n-1) 

Again  comparing  equations  (S4-)  and  (87).  we  can 
express  Up(z)  in  terms  of  the  hypergeometrlc  function,  thus: 

{&&)     up(z)  =  Kpzl-'YF(^^^»  1=^;  itra:;  z3).  provided 
"^  '^  3     3    3 

7:)=  3n  +1,  (n  =  1,2,...). 
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A  general  solution  of  equation  (71)  in  a  neighbor- 
hood of  z  =  0  Is  a  linear  combination  of  equations  (^5)  and 
(gg) .  That  Is, 

(g9)    u(z)  =  Y[|.  |;  ^;  z^] 

.  K,z^-^p[i=p,  l=fl;   ^^;    z3], 

provided  ^^  1  ±3^,    (n  =  1,2,...). 

From  the  ratio  test.  It  can  be  shown  that  the  ex- 
pression for  u(z),  as  given  by  the  right  member  of  equation 
(g9),  Is  absolutely  convergent  provided  |z|  <  1. 

This  completes  our  analysis  of  the  application  of 
Scheffe''s  criteria  to  equation  (1)  when  we  Investigate  a 
solution  In  a  neighborhood  of  z  =  0.  We  will  next  apply 
Scheffe's  criteria  [13 ]  to  equation  (1)  and  Investigate  a 
solution  of  the  result  In  a  neighborhood  of  z  =  1. 
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Solution  In  a  Neighborhood  of  z  =  1 
In  order  to  apply  Soheffe's  criteria  to  equation  (1) 
and  consider  a  solution  of  the  resiilting  equation  in  a 
neighborhood  of  z  =  1,  we  first  make  the  variable  trans- 
formation: 

(90)  w  =  z  -  1,  or 

(91)  z  =  w  +  1. 

From  equations  (90)  and  (91)  it  follows  that 

(93)    ^  =  ^  . 
dw^   dz*^ 

Substituting  equations  (91)  -  (93)  in  equation  (1)  gives  the 

following  equation: 

2 

(9^)    (w+l)(w)(w+l-a)(w+l-b)^ 

dw2 

+  [A^(w+1)^  +  A2(w+1)^  +  A^(w+1)  +  Ai^]|g 

+[B^(w+l)^  +  B2(w+1)  +  B,]u  =  0. 
We  can  write  equation  (9^)  as  follows; 
2 

(95)  P2<^^^  ^   Pl^^'^dS  "^  Po^*')^  =  o»  ''^®^ 

(96)  P2(w)  =  (w+l)(w)(w+l-a)(w+l-b), 

(97)  Pi(w)  =  [A^(w+1)^  +  A2(w+1)^  +  A^(w+1)  +  Ai^l  ,  and 
(9S)    Pq(w)  =  [B3^(w+1)^  +  B2(w+1)  +  B3]. 
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We  will  now  express  each  of  the  above  coefficients  as  a 
polynomial  In  w,  thus  from  equation  (96) • 

P2(w)  =  (w^+w) (w^+w-bw+w+1-b-aw-a+ab) 

=  (w2+w)[w2+w(2-a-b)  +  (ab-a-b+1)] 
=  w^  +  w3(2-a-b)  +  w2( ab-a-b+1) 

+  w3  +  w2(2-a-b)  +  w(ab-a-b+l) 
=  w^  +  w^(2-a-b+l)  +  w2(ab-a-b+3-a-b) 
+  w(a-l)(b-l),  or  finally, 

(99)  P2(w)  =  w^  +  w3(3-a-b)  +  w2[(a-2) (b-2)-l] 

+  w(a-l)(b-l) . 
Similarly  from  equation  (97) : 

p^(w)    =  A-l(w3+3w2+3w+1)    +  A2(w^+2w+l) 
+  At(w+1)    +  Ai|,    or 

(100)  P3^(w)  =  A^w3  +  w2(3A^+A2)  +  w(3A^+2A2+A^) 

+  (A^+A^+A^+Ai^). 
Similarly,  equation  (9^)  may  be  written; 

(101)  Pq(w)  =  Bj^w^  +  w(2B^+B2)  +  (B]_+B2+B^). 

Substituting  equations  (99)  -  (101)  Into  equation  (95)  gives 

us  the  differential  equation  In  the  desired  form,  namely: 

2 

(102)  {w^  +  w3(3-a-b)  +  w2[(a-2)(b-2)-l]  +  w(a-l)  (b-1)  }^ 

dw^ 


+  [A-j^w3  +  w2(3A^+A2)  +  w(  3A-j^+2A2+A.z ) 

+  (A^+Ag+A^+Af^)  ]| 
+  [B^w2+  w(2B^+B2)  +  (B^+B2+B^)]u  =  0. 
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Prior  to  applying  Scheffe's  criteria,  we  substitute 
equation  (91)  into  equation  (13) ,  let  Zq  =  1,  and  replace 
Pj  by  pj  to  get: 

(103)  Pj(w+1)  =  [S  -  T  w^]wJ-^. 

Letting  p.(w)  =  p.(w+l) ,  equation  (103)  becomes; 

(104)  pj(w)  =  [Sj  -  T^v^lwJ-^,  (J  =  0,1.2). 

We  initially  let  j  *  2,  then  from  equations  (99) 
and  (104)  we  obtain  the  following  identity: 

(105)  P2(w)  =  CS2  -  T2wJ^]w2-°» 

s  w^  +  w5(3-a-b)  +  w2[(a-2)(b-2)-l] 
+  w(a-l)(b-l) . 
We  assume  Tp  =  0 ,  so  that  equation  (105)  becomes; 

(106)  S2w2-n>  5  w^  +  w3(3-a-b)  +  w2[(a-2) (b-2)-l] 

+  w(a-l)(b-l) . 
From  Identity  (106)  we  surmise  2  -  m  =  '+;  otherwise,  the 
coefficient  of  w^  in  the  left  member  of  identity  (106)  is 
zero  while  the  coefficient  of  w^  in  the  right  member  is 
unity.  This  is  an  obvious  inconsistency.  Since  2  -  m  =  4, 
we  get  the  following  set  of  equations: 
(1)   S2  =  1, 
(11)   3-a-"b  =  0, 
(ill)   (a-2)(b-2)-l  =  0,  and 
(Iv)   (a-l)(b-l)  =  0. 
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In  equation  (Iv)  above,  let  a  «  1.  Then  equation 
(111)  Implies  b  =  1.  But  from  equation  (11),  a  =  b  =  1 
Implies  1=0.  This  Inconsistency  leads  us  to  the  con- 
clusion T2  4=  0. 

Again  m  equation  (I05),  we  assume  85  =  0.  We  then 

get  the  following  Identity; 

(107)   -T2wh+2-ni  5  w*^  +  w3(3-a-b)  +  w^[  (a-2)  (b-2)-l] 

+  w(a-l)(b-l) . 
Reasoning  as  before,  we  note  that  h+2-m  =  ^.  We  then  get 
the  following  set  of  equations: 
(1)  T2  =  -1. 
(11)   3-a-b  =  0, 
(111)   (a-2)(b-2)-l  =  0,  and 
(iv)   (a-l)(b-l)  =  0. 
Since  equations  (11)  -  (Iv)  In  the  above  set  are  the  same 
as  equations  (11)  -  (Iv)  In  the  preceding  set,  which  were 
found  to  be  Inconsistent,  we  conclude  that  Sg  =f  0. 

Thus  S2T2  +0. 

From  Identity  (I05)  we  have  the  following; 

(log)    S2w2-'°-T2wh"^2-'^  =  w^  +  w3(3-a-b)  +  w2[(a-2)  (b-2  )-l] 

+  w(a-l)(b-l) . 
Prom  this  Identity  we  notice  that  h+2-m  =  *+  >  2-m,  since 
h  Is  a  positive  Integer.  We  can  nov:  deduce  a  set  of  values 
of  h  and  m  which  will  be  shown  to  be  exhaustive. 
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since  h+2-m  =  k-,    then  h  -  m  =  2.  We  then  have  the 
following  oases  to  consider; 

Case  I :    h  =  1;   m  =  -1, 

Case  II ;   h  =  2 ;  m  =  0 ,  and 

Case  III :   h  =  3 ;   m  =  1. 

We  reiterate  that  h  Is  a  positive  Integer,  conse- 
quently m  >  -1.   If  h  >  ^,  then  m  >  2,  and  from  Identity  (103) , 
S2  =  0.  This  has  been  demonstrated  to  be  Impossible.  We 
therefore  conclude  that  the  above  set  is  exhaustive.  We  now 
Investigate  each  case  in  turn. 
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Case  I ;  h  °  1 :  m  =  -1 
For  h  =  1  and  m  =  -1,  Identity  (103)  becomes: 

(109)  SgW^  -  TgW^  s  w*^  +  w3(3-a-b)  +  w2[(a-2)  (b-2)-l] 

+  w(a-l)(b-l). 
From  identity  (109)  we  get  the  following  set  of  equations: 
(1)  T2  =  -1, 
(11)   S2  =  3-a-b, 
(111)   (a-2)(b-2)-l  =  0,  and 

(Iv)   (a-l)(b-l)  =  0. 
From  equations  (111)  and  (Iv) ,  we  note  that  a  =  b  =  1, 
Hence  S^  =  1,  and  we  have  for  Pp(w): 

(110)  P2(w)  =  w*^  +  w5. 

In  equation  (10^) ,  we  set  J  =  1,  h  =  1,  and  m  =  -1, 
and  compare  the  result  with  equation  (100): 

(111)  p-l(w)  =  [S3_w2  -  T^w3] 

=  A^w3  +  w2(3A^+A2)  +  w(3A^+2A2+A^) 

+  (A^+A2+A^+Ai|). 

From  identity  (111)  we  obtain  the  following  set  of  equations 

upon  equating  coefficients  of  like  powers  of  w: 

(1)  T^  =  -A^, 

(11)  83^  =  3A-L  +  A2, 

(ill)  3A^+2A2+A-5  =  0,  and 

(iv)  A^-t-A2+A,+Aj^  =  0. 
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Prom  equations  (11)  -  (Iv),  v;e  deduce  that 
3A-j_  +  A2  =  Aj^  +  Ai|.  By  equations  (2)  and  (5),  this  reduces 
to  (l+a+3)  -ab7.  Then  T-j_  =  -(1+a+P),  S-j_  =  l+a+p-ab7,  and 
equation  (111)  becomes,  for  a  =  b  =  1; 

(112)  Pi(w)  =  (l+a+0)w5  +  (H-a+3-7)w2. 

To  compute  Pq(w) ,  we  compare  equations  (101)  and 
(loU)  with  J  =  0,  h  =  1,  and  m  =  -1.  The  result  follows: 

(113)  Po(w)  =  SqW  -  TqW^  b  B^w^  +  w(2B-L  +  33) 

+  ( B^+B2+B-i ) . 
Equating  coefficients  of  like  powers  of  w  In  Identity  (II3) 
yields  the  following  set  of  equations : 
(1)   Tq  =  -Bi, 
(11)   Sq  =  2B;j_  +  B2,  and 
(111)   B1+B2+B-5  =  0. 
Prom  equations  (6)  -  (g)  ,  B;j^  +  B2  +  B^  =  a0(l-p)l-q)  =  0. 
But  ap  ^  0,  or  else  the  differential  equation  Is  essentially 
first  or^ier.  We  therefore  choose  p  =  1.   For  this  choice 
of  p,  Sq  =  2a3  -  a3(q+l) ,  or  Sq  =  a3(l-q).  Also  from  equation 
(6),  B-]_  =  a&,    so  that  T^  =  -ap.  Substituting  these  values 
of  Sq  and  Tq  Into  equation  (113)  gives  us  the  following 
expression  for  Pq(w); 
(11^4-)   Pq(w)  =  apw^  +  a3(l-q)w. 
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Substituting  equations  (110),  (112),  and  (llU)  into  equa- 
tion (95)  gives  the  following  equation; 

(115)  (w^+  ^^^T^"^  [(l+a-»-3)w3  +  (l+a+^T)w2]|H 

+  [aPw^  +  aP(l-q)w]u  =  0. 
Equation  (115)  reduces  to  the  following  after  simplification: 

2 

(116)  w2(^i)d^+  [■(n.ci+p)w2  +  (l+a+P-Y)w]|ii 

dw2  dw 

+  a3[w  +  (1-q)  ]u  =  0. 
Equation  (ll6)  was  derived  by  choosing  a  =  b  =  p  =  1. 
Choices  for  a  and  b  are  fixed;  however,  we  can  choose  q  =  1, 
In  which  case  the  resulting  equation  looks  like  equation  (ll6) 
with  q  replaced  by  p.  We  will  now  classify  equation  (ll6) 
In  the  notation  of  Ince. 

We  may  write  equation  (ll6)  as  follows; 
2 

(117)    ^  +  p^^^iS  "^  ^^^^^ "  °'  "^^^^^ 

(115)   ,i.O    -  ^^  ^  ^^^If^,  ^^ 

(119)  q(w)   =  2LfibrtlraI. 

w'^(w+l) 

From  equations   (llS)    and   (119)    we  note   that 

(120)  wp(w)   =  ^U+a^^p)   +   (l-Hg-t-g-T)  ,   and 

w  +  1  w  +  1 

(121)  w2q(w)    =  <xp(w+l>q)  , 

w  +  1 
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Equations  (120)  and  (121)  are  analytic  at  w  =  0,  that  is 
at  z  =  1,  hence  w  =  0  is  a  regular  singular  point  of 
equation  (ll6) .  Similarly  we  note 

(122)  (w^-l)p(w)  =  (l+a+3)  +  U-^^^P-T)^  a^d 

(123)  (w+l)2q(w)  =  gp(>H-l-q)(vH-l)  ^^.^  ^^^^   analytic  at 

w2 

w  =  -1,  that  is  at  z  =  0,  hence  w  =  -1  is  a  regular  singu- 
lar point  of  equation  (ll6) . 

In  order  to  investigate  the  point  at  infinity,  we 
first  make  the  variable  transformation: 
(12^^-)   "^  =  ^-   Equation  (117)  then  becomes; 

(125)  ^  +  [2/v  -  ^   p(l/v)]|^  f  ^  q(l/v)u  =  0. 
From  equations  (llS)  and  (124-),  we  conclude  that 

(126)  p(l/v)  =  lU±a+^  ^   v^d-^g-^p-T)  . 

V  +  1        V  +  1 

Similarly,  upon  comparing  equations  (119)  and  (124),  we 
note  that 

(127)  q(l/v)  =  V^'xp(l-^v-qv)  ^ 

V  +  1 

Prom  equations  (126)  and  (127)  we  easily  deduce  the  follow- 
ing equations ; 
(12S)   [2/v  .^p(l/v)]  =  2/v  -il±^-il^t±^,  and 


U29)   4q(lA)=^S7^- 


▼'^(v+i) 
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The  theory  developed  In  Chapter  I  shows  that  if 

both  v[2/v  -  -^  p(l/v)]  and  ( v2/v^)q(l/v)  are  analytic  at 

v^ 
V  =  0,  then  v  =  0  Is  a  regular  singular  point  of  equation 

(125).  This  implies,  by  way  of  equation  (124),  that  infinity 
is  a  regular  singular  point  of  equation  (ll6).  From  equa- 
tions (12g)  and  (129),  we  get; 

(130)   v[2/v  -  X  p(l/v)]  =  2  -  ^:^  -   (l^a-^p-Y)v^  ^^ 


(131)    (v2/v^q(l/v)  =  St£a±X=ail. 


Equations  (130)  and  (I3I)  are  analytic  at  v  =  0,  which 
implies  that  infinity  is  a  regular  singular  point  of  equation 
(116).  We  will  now  investigate  whether  or  not  w  =  0,  1,  and 
Infinity  are  elementary  singularities. 

Let  a  formal  solution  of  equation  (II6)  be  as  follows; 

(132)  u(w)  =  CqW^  +  c^^w^"*"!  +  •••  +  Cj.w^'*"^  +  •••  ;  Cq  =1=  0. 
Differentiate  equation  (I32)  with  respect  to  w  to  get; 

(133)  u'(w)  =  OqXw^-1  +  C3^(X+l)w^  +  ••• 

+  Cj.(X+r)w^'*'^-l  +  •••  . 
Differentiate  equation  (133)  with  respect  to  w  to  get; 

(13^+)   u"(w)  =  OqX(X-1)w^-2  +  C3_(X+l)(X)w^-l  +  ••• 

+  Cj.(X+r)(X+r-l)w^"*'^"^  +  •••  . 
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Substituting  equations  (132)  -  (13^)  Into  equation 
(ll6),  and  equating  the  coefficient  of  w^  to  zero,  yields 
the  following  Indlclal  equation; 

(135)  CoX(X-l)  +  CoX(l+a+3-7)  +  Co(ap)(l-q)  =  0. 
After  simplification,  equation  (135)  reduces  to; 

(136)  \^   +  X(a+p-Y)  +  ap(l-q)  =  0. 

Let  the  roots  of  equation  (136)  be 

,    'Y-g-B-R    , 
A^  =  -^ ■^ — ,  and 

^2  ~    p  — I  where 

R  =  ^(a+p-Y)^  -  4ap(l-q) . 
Prom  the  above  equations.  It  Immediately  follows  that 


1  =  ^(a+p-Y)2  -  iktp(l-q)  ^  I  . 


Xj  -  ^ 

and  thus  w  =  0  Is  not  an  elementary  singular  point.  This 
Implies,  by  way  of  equation  (90),  that  z  =  1  Is  not  an 
elementary  singular  point. 

To  consider  the  point  z  =  0,  we  first  apply  equa- 
tion (90)  to  equation  (II6)  thus  obtaining; 

2 
(137)    z(z-l)2  ^  +  [(l+a+p)(z-l)2  +  (i+a+p.Y)(z-.l)]|ii 
dz2  dz 

+  ap(z-q)u  =  0. 

Equation  (137)  simplifies  to  the  following; 

2 
(13^)   z(z2-2z+l)^  +  [(l+a+3)z2  -  (l+a+3)z  +7  ]^ 


dz 


2        "^  "'      dz 


+  a3(z-q)u  =  0. 
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If  we  assume  a  solution  of  equation  (13^)  to  be: 

00 

(139)   u(z)  =  E  c_z'^  ^;   Oq  =f  0>  then  we  can  Immediately 
r=0 

deduce  the  following  Indlclal  equation  upon  equating  the 

coefficient  of  z  -^  to  zero; 

(l^K))   CoX(X-l)  +  0^X7=  0. 

From  equation  (1^0)  It  follows  that 

X-jL  =  0,  and 

X^  =  1  -  7  ,  thus  X^  -  X^  =  1  -  T  ^  1/2. 
We  therefore  conclude  that  z  =  0  Is  not  an  elementary 
singular  point. 

In  order  to  Investigate  the  point  at  Infinity,  we 
initially  make  the  following  variable  transformation : 
(1^1)   z  «=  1/v,  Equation  (137)  then  becomes  equation 
(125) ,  where  v  =  1/z, 

(1U2)        p(l/v)    =   (l+a+e)v  +   U-K^-^P-T)^    ,   and 

1   -   V 

(i'+3)     q(i/v)  =  '^p(i-q^)v\ 

(l-v)2 
We  now  compute  [2/v  -   (l/v^)p(l/v) ],   and 
(l/v^)q(l/v),    thus  obtaining: 

ilkk)        [2/v  -   (l/v2)p(l/v)]   =    f|  -  l±^  -  ^f£ff5  • 

Similarly, 

(11^5)        (l/v^)q(l/v)    =  2L|il=3vl  . 
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Substituting  equations  (l^U)  and  (1^5)  into  equation  (125), 
and  simplifying  slightly  yields: 

o 
(li|6)   v^d-v)^  ^+  [v(l-v)^(l-a-p)  -  v2(l-v)(l+a-^0-7)]fii 
dv^  ^^ 

■♦•  ap{l-qv)u  =  0. 

Now  If  V  =  0  Is  an  elementary  singular  point  of  equation 

(1^4-6),  then  Infinity  Is  an  elementary  singular  point  of 

equation  (13S).  We  therefore  assume  a  solution  of  equation 

(14-6)  to  be; 

(li|7)   u(v)  =  ?  Cj,v^"^^;   Co  ¥   0. 
r=0 

From  equations  (1^6)  and  (1U7)  we  can  easily  deduce  the 

following  Indlclal  equation  when  the  coefficient  of  v  Is 

equated  to  zero : 

{lk&)        CqX(X-I)  +  c^Xd-a-p)  +  c^ap  =  0. 

Reducing  equation  {lk&)   yields  the  following  equation; 

(1U9)   X^  -  X(a+p)  +  03  =  0,  so  that 

X^  =  a ,  and 

X2  =  3  . 

Prom  these  equations  It  follows  that 
X2  -  Xtl  =  p  -  a  ^  1/2,  therefore  v  =  0  Is  not  an 
elementary  singular  point  of  equation  (1^6),  consequently 
Infinity  Is  not  an  elementary  singular  point  of  equation 
(132). 
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We  have  examined  all  singular  points  of  equation 
(13^),  and  have  shown  it  to  have  no  elementary  singular 
points  nor  Irregular  singular  points,  we  therefore  classify 
equation  (I3S)  as  an  equation  of  the  [0,3,0]  class. 

We  will  now  examine  Case  II. 
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Case  II:  h  =  2:  m  =  0 
We  set  J  =  2,  h  =  2,  and  m  =  0  In  equation  (10^), 
and  compare  the  result  with  equation  (99)  to  get  the  follow- 
ing Identity; 

(150)  P2(w)  =  ^2^^   "  '^2*^'^  B  w^  +  w5(3-a-b) 

+  w2[(a-2)(b-2)-l]  +  w(a-l)(b-l). 
Equating  coefficients  of  like  powers  of  w  In  Identity  (150) 
gives  the  following  set  of  equations; 
(1)  T2  =  -1, 
(11)   S2  =  (a-2)(b-2)-l, 
(111)   3-a-b  =  0,  and 
(Iv)   (a-l)(b-l)  =  0. 
We  choose  a  =  1  in  equation  (iv) ,  Then  from  equa- 
tion (ill),  b  =  2,  and  from  equation  (11),  Sg  =  -1.   The 
choice  b  =  1,  a  =  2,  hence  So  =  -1,  will  result  in  the  deri- 
vation of  another  differential  equation.  Equation  (150) 
now  becomes: 

(151)  P2(w)  =  w*^  -  w^. 

Again  in  equation  (10^),  we  let  J  =  1,  h  =  2,  and 
m  =  0,  then  compare  the  result  with  equation  (100)  to  get 
the  following  expression: 

(152)  v^M   =  S^^w  -  T^w3 

5  A-j^w3  +  w2(3A^+A2)  +  w(3A-j^+2A2+A-z) 
+  (A3_+A2+A^+A2^). 
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Equating  coefficients  of  like  powers  of  w  In  both  members 
of  identity  (152)  gives  us  the  following  equations; 
(1)   ?!  =  -Ai. 
(11)  S^  =   3A-L  +  2A2  +  A^, 
(111)   3A^  +  A^  =  0,  and 
(Iv)   A^  +  A2  +  A,  +  A]^  =  0. 
From  equations  (1)  -  (Iv),  and  from  equations  (2)  -  (5), 
we  Immediately  deduce  the  following,  with  a  =  1,  b  =  2; 
T3_  =  -(l+a+3) ,  and 
Sj^  =  27  -  (l+a+3). 
Substituting  these  values  of  T,  and  S-,  Into  equation  (152) 
gives  us  the  following  equation; 
(153)    Pi(w)  =  (l+a+3)w3  +  (2Y-l-a-p)w. 

We  repeat  the  above  process  to  compute  Pq(w) . 
That  Is,  In  equation  (104),  we  let  J  =0,  h  =  2,  and  m  =  0, 
then  compare  the  resulting  expression  with  equation  (101) 
to  get; 

(15'+)    Po(w)  =  Sj^  -  Tqw2  b  B]_w2  +  w(2B^+B2)  +  (B-^^+B2+B^)  . 
Proceeding  as  before,  we  equate  the  coefficients  of  like 
powers  of  w  In  both  members  of  Identity  (15^)  to  obtain  the 
follovrlng  set  of  equations: 
(1)   To  =  -Bi, 
(11)   Sq  =  B]_+B2+B-5,  and 
(111)   2B]^+  B2  =  0. 
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Prom  equations  (1)  -  (ill)  above,  and  from  equations 
(6)  -  (g),  we  Immediately  deduce; 

Tq  =  -ap,  and 

Sq  =  aa(l-p)(l-q)  =  -ap(p-l)^,  since  2B-j_  +  B2  =  0 
Implies  q  =  2  -  p.  Substituting  these  values  of  T^  and  S^ 
Into  equation  (15^)  gives  us  the  following  equation: 

(155)  Pq(w)  =  apw2  -  ap(l-p)2. 

We  now  substitute  equations  (I5I) ,  (153),  and  (155) 
Into  equation  (95)  to  get  the  following  differential  equation 

2 

(156)  w2(w2-l)|^+   [(l+a+3)w3  -   (l+at+p-27)w]|g 

+  a3[w2  -  (l-p)2]u  =  0. 
Equation  (I56)  was  derived  by  letting  a  =  1,  b  =  2,  and 
q  =  2  -  p.   By  choosing  a  =  2,  b  =  1,  and  letting  p  =  2  -  q, 
other  differential  equations  could  be  similarly  derived. 
Equation  (156)  may  be  expressed  In  terms  of  z,  and  deriva- 
tives of  u  with  respect  to  z,  by  applying  the  transformation 
given  by  equation  (90).  Further  analysis  of  equation  (I56) 
Is  beyond  the  scope  of  this  study;  however,  we  do  mention 
that  It  can  be  classified  In  a  manner  similar  to  that  used 
to  classify  equation  (II6). 

We  will  now  study  Case  III. 
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Case  III:  h  =  ^:  m  =  1 
Letting  j  =  2,  h  =  3,  and  m  =  1  in  equation  (10^), 
then  comparing  the  result  with  equation  (99),  gives  us  the 
following  expression: 
(157)   P2(w)  =  Sjw  -  T2W^ 

5  w'^  +  w5(3-a-b)  +  w2[(a-2)(b-2)-l] 
+  w(a-l)(b-l) . 
Equating  coefficients  of  like  powers  of  w  In  both  members 
of  equation  (157),  gives  us  the  following  set  of  equations: 
(1)   T2  =  -1, 
(11)  S2  =  (a-l)(b-l), 
(111)   3-Q-b  =  0,  and 

(iv)   (a-2)(b-2)-l  =  0. 
We  now  solve  equations  (111)  and  (Iv)  simultaneously 
for  a  and  b.  Thus  from  equation  (111),  b  =  3  -  a.   From 
equation  (Iv) ,  ab  -  2(a+b)  +3=0,  hence  ab  =  3,  and 
a  +  b  =  3,  thus 

a(3-a)  =  3  or  a^  -  3a  +  3  =  0.  So  that 

a^^  =  1  -  <j  ;  b^  =  1  -  w  , 

a2  =  1  -  (J  ;  b2  =  1  -  u,  where  u  =  "^''"^^^  and 
1  =  -1.  Another  useful  relationship  from  the  above  equa- 
tions Is  ab  -  2(a+b)  +  (a+b)  =  0,  since  a  +  b  =  3,  or 
ab  -  a  -  b  =  0,  so  that  a  =  b/(b-l) . 
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2 
We  will  choose  a,  =  1-w  and  b,  =  1-u  ,  and  Insert 

these  values  of  a  and  b  Into  the  differential  equation  at 

the  proper  time. 

We  can  now  compute  S2  from  equation  (11).  Thus 
S2  =  ab  -  (a+b)  +1=1  since  ab  =  a+b  =  3.   Equation  (157) 
now  becomes: 
(155)   P2(w)  =  w^  +  w. 

Again  we  let  J  =  1,  h  =  3,  and  m  =  1  In  equation 
(10^),  then  compare  the  result  with  equation  (100)  to  get 
the  following  expression: 
(159)   Pi(w)  =  S^  -  T^w5 

=  A^w^  +  w^(3A^+A2)  +  w(3A-,^+2A2+A,) 

+  (A^+A^+A^+Aij.)  . 
As  before,  we  equate  the  coefficients  of  like  powers  of  w 
In  both  members,  to  obtain  the  following  equations: 
(1)   T^  =  -A^, 
(11)  S^   =   A^+A^+A^+Aj^, 
(111)   3Aj_+A2  =  0,  and 
(Iv)   3A^+2A2+A,  =  0. 
From  this  set  of  equations  we  Immediately  deduce 
that  S]_  =  A-[^  +  A.  ,  and  from  equations  (2)  -  (^)  we  have 
T^  =  -(l+a+0)  and 

S-j^  =  l+a+3-abY.   But  ab  =  3,  hence 
S^  =  l+a+3-3T. 
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Substituting  these  expressions  for  T  and  S^  Into  equation 
(159).  gives  us  the  folloxvlng  expression; 
{160)   P;l(w)  =  (l+a+p)w3  +  (l+a+0-37). 

To  compute  Pq(z) ,  we  proceed  in  a  manner  similar 
to  the  foregoing,  namely  let  J  =  0,  h  =  3,  and  m  =  1  in 
equation  (10^),  then  compare  the  result  with  equation  (101), 
thus ; 

(161)  Pq(w)  =  SqW-1  -  Tqw2  s  B^w2  +  wCEBj^+B^) 

+  (Rj^+Bj+B^)  . 
Equating  coefficients  of  like  powers  of  w  gives  the  follow- 
ing set  of  equations: 

(1)   To  =  -Bi, 
(11)   Sq  =  0. 
(ill)   2Bj^+B2  =  0,  and 
(Iv)   Btl+B^+B,  =  0. 
From  equation  (ill),  and  from  equations  (6)  -  (S),  we  have: 
2a3  -  a3(p+q)  =  0,  so  that  p  +  q  =  2.   Also  from  equations 
(ill)  and  (iv),  we  note  B^^  =  B-,,  or  ap  =  aPpq.   But  ap  4=  0, 
so  that  pq  =  1,   Solving  p  +  q  =  2  and  pq  =  1  simultan- 
eously gives  us  p  =  q  =  1, 

Eqiiation   (I61)   now  becomes: 

(162)  Pq(w)    =  apw^. 
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Substituting  equations  (15^),  (l6o),  and  (162) 

Into  equation  (95)  gives  us  the  desired  differential 

equation; 

2 
(163)   w(w3+l)^  +  [(l+a+3)w3  +  (i+a+p-.37)]~ 
dw2  ^^' 

+  apw^u  =  0. 

Equation  (163)  was  derived  by  letting  h=3,  m=l,  ab=3, 

a  +  b  =  3,  and  p  =  q  =  1.   From  these  equations,  we  choose 

a-j^  =  1  -  u  ,  and  b-j_  =  1  -  u^ ,   where  u   =   "^"^^^^ ,  and  1^  =  -1. 

We  also  recall  that  w  =  z  -  1.  Other  choices  for  a  and  b 

will  give  other  differential  equations. 

Before  proceeding  with  a  solution  of  equation  (I63), 

we  will  first  simplify  the  expression: 

(16^)   E  =  l+a+p-3T. 

From  identity  (159)  we  deduced  the  following  set 

of  equations; 

(1)   T-L  =  -A^, 

(11)   S-j_  =  A^+Ag+A^+Ai^, 

(ill)   3A^+A2  =  0,  and 

(iv)   3A^+2A2+A^  =  0. 

Upon  comparing  equations  (ill)  and  (iv),  we  surmise  that 

Ao  +  At  =0.   But  from  equations  (3)  and  (^) ,  we  have: 

(165)   A2+A,  =  -(l+a+3)(l+a+b)  +  ae  +  bt]  +  5 

+  ab(Y+6)  +  a(7-hi)  +  b(7+€)  =  0. 
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simplifying  the  right  member  of  equation  (165),  and  remem- 
bering that  ab  =  a+b  =  3,  we  get; 

67  +  35  +  ari  +  be  =  4-(l+a+p)  -  ac  -  brj  -  fi ,  or 

6'V  +  36  +  311  +  3€  =  4(l+a+3)  -  6. 
Rearranging  the  above  equation  slightly,  yields: 

3(Y+6+Ti+€-l-a-0)  =  l+a+p-6-3T. 
However,  from  equation  (12)  in  Chapter  V, 

7+6+Tl+e-l-a-p  =  0,  so  that 

l-ta+3-6-3Y  =  0,  and  finally, 

(166)  l+a+3-.37  =  5. 

We  now  substitute  equation  (I66)  into  equation  (163)  to  get: 

2 

(167)  w(w3+l)^  +   [(l+a+3)w3  +  5]|ii  +  apw^u  =  0. 

dw2  ^w 

Equation  (I67)  is  an  equation  of  the  [0,5,0]  class  which 
we  vrill  now  solve. 

We  assume  a  solution  of  equation  (167)  to  be  of  the 
form  given  by  equation  (1^).  Differentiating  equation  (Ig) 
with  respect  to  w,  gives  equation  (19).  Differentiating 
equation  (19)  with  respect  to  w  gives  equation  (20). 
We  then  substitute  equations  (IS)  -  (20)  into  equation  (I67) 
to  get  the  following  equation: 
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(16?5)   w(w3+l)CcoX(X-l)w^"2  +  C3(X+3)(X+2)w^"^^  +  ••• 
+  C3j,(X+3r)(X+3r-l)v^+3r-2 

+  [(l+a+p)w3  +  5][CqXw^-^  +  c,(X+3)w^"^2  +  ... 
+  C3^(X+3r)w'^-'3r-l 

+  C3j^3(x+3r+3)w^"*'3i^2  +  •••] 

^  „  2r   X  _^    x+3  _^  .   ^  ^   x+3r 
+  apw  [CqW  +  03W  ^  +  •••  +  C3J.W  ^ 

+  C3^3w^-'3r+3  +  ...]  =0, 
where  we  are  assuming  Cq  4"  0« 

To  obtain  the  Indlclal  equation,  we  equate  the 
coefficient  of  w  ^^  to  zero: 

(169)  OoX(X-l)  +  CoX&  =  0. 
Solving  equation  (169),  we  get; 

X]_  =  0 

Xg  =  1-6.  These  are  the  exponents  at  z  =  1. 
To  obtain  the  two  terra  recurrence  equation,  we 
equate  the  coefficient  of  w^'*'^^^  to  zero,  thus  obtaining; 

(170)  03j.(x+3r)(x+3r-l)  +  03j^3(x+3r+3)  (>^-»-3r+2) 

+  C3j.(X+3r)(l+a+p)  +  C3j^3(  X+3r+3)6 
+  C3j.(ap)  =  0. 
Solving  equation  (170)  for  ©3^+3  we  get  I 

_  -C(X+3r)(X+3r-l)  +  ( X+3r) (1+a+p)  +  ap]c,- 
^  ^        (X+3r+3)(X+3r+2)  +  (X+3r+3  6 
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This  simplifies  to  the  following: 

(171)   C3j^3  =  (^^3j^^)(^^^^2+6)  • 

Set  r  =  0  in  equation  (171)  to  get: 

^^''^'        °3   (X+3)(X+2+6)^o- 

Set  r  =  1  in  equation  (I71)  to  get; 

-(^■«^3-^g)(^-^3•»^P)c3 
(173)    C5  =  (^^3^3)(^^.3^2+5) 

Substituting  equation  (172)  into  (173)  gives  the  following; 

(171^)  c^    =    S-l)^S^^^q^)(^•»^g^-*^3)(^^^P)(^-^P^>•3)o 

^■^'^^   °6   ( X+3 )  ( x+3+3 )  ( \+2+6 )  ( X-i-2+5+3 )  °o  • 
Set  r  =  n-1  inequation  (171)  to  get; 

(T7r:\    ^    (-l)°(Xt-a)(X-Ha+3)--'(X->-a43n-3)(X^-p)  ■  "(  X-t-p-H3n.l)  . 
^^'^'    °3n  "  ( X+3) ( X+3+3)  • • • ( X+3+3n-3) ( X+2+6 )  •  • • ( X+2+6+3n-3)  ^o* 

Divide  the  numerator  and  denominator  of  equation  (175)  by 

On 

3   to  get  the  following  expression; 

(176)  c    (■i)n(^)(^l)-(^n-l)(^)-..(M^n-l) 
^   °5''  (i±i)(iti.l)...(^n.l)(i±|±i,:..(i±|ii„.i,  "0- 

Writing  a  solution  of  equation  (167)  in  the  form 
given  by  equation  (g2),  we  immediately  have,  for  X  =  0; 


(177)  u^(w)=K^ 


-  y(,l)n(f)(f^l)>>-(f.n-l)(f).--(f.n-l)  ; 
L  nil^     "  _ 
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We  now  compare  equations  (177)  and  (8^),  and  establish  the 
following  correspondences; 

a  =  a/3;    c  =  (2+6)/3; 

"b  =  P/3;    z  =  -w^ .     with  these  correspondences, 
we  can  write  equation  (177)  in  terms  of  hype rgeo me trie 
functions,  thus ; 

(17^)   ui(w)  =  KiF(a/3,  p/3;  ^;  -w3);  where  6  +  1  -  3n 
for  (n  =  1,2,...). 

Now  from  equation  (90)  w  =  z  -  1,  hence  equation 
(17s)  becomes; 

Ui(z-l)  =  KiF[a/3,  p/3;  (5+2)/3;  (l-z)3],  or 
upon  letting  u-j_(z)  s  u-|_(z-l),  we  have  the  final  result, 
namely ; 
(179)   u^(2)  =  K^F[a/3;  3/3;  (S+2)/3;  (1-z)^]. 

Again  In  equation  (176),  we  set  X  =  1  -  6  thus 
obtaining : 

(.;,)n(l=Ma)...(l:±ta.„.l)(l^)...(3b|±gL^.l) 

Substituting  Into  equation  (S2)  with  X  =  1  -  6,  gives: 
(ISl)  u,(w)  =  (K,w^"^)(S),  where 


oo(l^)...(l=Ma,„.i)(l=^)...(l=y:e^„.l)(.^3)° 
^'^*A  n..(i^)(i^l)---(i=P+n.l) 
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Again,  we  may  write  equation  (1^1)  In  terms  of  hypergeometrlo 
functions  to  get: 

(122)  U2(z)  =  K2(z-l)^"^F[(1.5+a)/3,  (l-6+3)/3;  (^-M/3;  (1-z)^] 

A  general  solution  of  equation  (167)  In  a  neighbor- 
hood of  z  =  1  Is  a  linear  combination  of  equations  (179)  and 
(132) ,  thus: 

(133)   u(z)  =  K^F[a/3,  P/3;  (6+2)/3;  (1-z)^] 

^  K2(z-i)^-V^.  ^;  ^;  (i-)3], 

where  6  ^=  1  ±  3n,  (n  =  1,2,3,...),  and  lz-l|  <  1  for  absolute 
convergence . 

We  will  now  apply  Scheffe's  criteria  to  equation  (1), 
and  obtain  a  solution  to  the  resulting  equation  In  a  neigh- 
borhood of  z  =  a. 
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Solution  In  a  Neighborhood  of  z  =  a,  where 
a  =f  0,  1,  b,  or  00 

In  order  to  Investigate  the  solution  of  equation 

(1)  In  a  neighborhood  of  z  =  a,  we  initially  make  the 

variable  transformation: 

(Ig^)   w  =  z  -  a,  or 

(185)   z  =  w  +  a. 

From  equation  (IS^)  It  follows  that 

(lf!7)   ^  =  ^ 

dw'^   dz'^ 

Substituting  equations  (184-)  -  (iSy)  Into  equation  (1)  gives 

us  the  following  equation: 

(Igg)   (w+a)(w+a-l){w)(w+a-b)S^ 

dw'^^ 

+  [A],(w+a)3  +  A2(w+a)2  +  A,(w+a)  +  Ai^]|ii 
+  [B^(w+a)^  +  B2(w+a)  +  B^]u  =  0. 

An  Investigation  of  a  solution  of  equation  (l^S)  In 
a  neighborhood  of  w  =  0  Is  tantamount  to  an  Investigation 
of  a  solution  of  equation  (1)  In  a  neighborhood  of  z  =  a. 

We  now  write  equation  (1^8)  as  follows; 

(139)  P„(w)^  +  Pt^w)^  +  p  (w)u  =  C,  where 

(190)  P2(w)  =  (w+a)(w+a-l)(T-)(w+a-b)  , 

(191)  Pi(w)  =  A-L(w+a)^  +  A2(w+a)^  +  A^(w+a)  +  A^.,  and 

(192)  Pq(w)  =  B-j_(w+a)2  +  B2(w+a)  +  B^ . 
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We  recall  that  A^,  (1  =  1,2,3  ,^1)  ,  and  B^  ,  (J  =1,2,3),  are 
given  by  equations  (2)  -  (g) . 

Simplifying  equations  (190)  -  (192)  in  turn,  we  get: 
P2(w)  =  (w^+aw)(vf^+avf-bw+avH-a^-ab-w-a+b) 
=  w  +aw5-bw-5+aw5-»-a  w^-abw^ . 
-w^-avr^+bw^+aw^+a^w^-abw^ 
+a^w^+a^w-a^bw-aw^-a^w+abw . 
P2(w)  =  w  +w3(a-b+a-l+a) 

+w^ ( a^-ab-a+b+a^-ab+a^-a ) 
+w(a5-a2b-a2+ab) . 
Finally  we  get; 
(193)   P2^w)  =  w^-»-w3(3a-b-l)  +  w2[(2a-l)(2a-b)-a2] 

+w(a)(a-l)(a-b) . 
Similarly  we  may  write  p-,(w)  as  follows; 

p^(w)  =  A-j_(w3+3w^a+3wa^+a5)  +  A2(w^+2av7+a^) 
+A-,(w+a)  +  Ail,  or  finally, 
(19^)    Pi(w)  =  A^w^+w2( 3aA^+A2)  +  w(3a2A^+2aA2+A,) 

+  (A^a5+A2a^+A,a+Ai^) . 
Similarly,  Pq(w)  becomes; 

(195)    Pq^^^  ^  ^1^^  "•"  w(2aB^+B2)  +  (a^B^+aBg+B,)  . 
Substituting  equations  (193)  -  (195)  Into  equation  (1^9) 
gives  us  the  differential  equation  in  the  desired  form; 
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(196)    {w  +  w^(3a-b-l)  +  w^[(2a-l)(2a-b)«a^] 
+  w(a)(a-l)(a.b)}2-§ 

+  [A^w3+  w2(3aA^+A2)  +  w(3^^+2aA2+A,) 

+  (Aj^a5+A2a2+Aja+A;^)]^ 

+  [Bj^w^  +  w(2aB^+B2)  +  (a^B^+aB^+B,)  ]u  =  0. 

Equation  (I96)  Is  the  equation  to  which  we  wish  to  apply 
Scheffe's  criteria. 

We  will  use  Scheffe's  equation  In  the  form  given  by 
equation  (loU),  and  we  Initially  let  J  =  2,  thus  obtaining; 

(197)   P2(w)  =  S^w^-m  -  TgW^+^-m^ 

At  this  point  we  wish  to  satisfy  the  restriction  given  by 
equation  (lU)  .   To  accomplish  this,  we  equate  the  right 
member  of  equation  (197)  to  the  right  member  of  equation 
(193),  thus  obtaining  the  following  Identity; 

(19S)    Sgw^-"^  -  T2W^+2-m  ^  ^k  ^   w3(3a-b-l) 

+  w2[(2a-l)(2a-b)-a2] 
+  w(a){a-l)(a-b) . 
We  Initially  assume  T^  =  0,  and  then  equate  coef- 
ficients of  like  poi'^ers  of  w  In  both  members  of  Identity 
(193)  to  get  the  following  set  of  equations; 
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(1)   S2  =  1,  hence  2  -  m  =  ^4-, 
(li)   3a-b-l  =  0, 

(111)   (2a-l)(2a-b)-a2  =  0,  and 
(Iv)   a(a-l)(a-b)  =  0. 

Any  attempt  to  solve  equations  (11)  -  (Iv)  simul- 
taneously leads  to  an  Inconsistency;  therefore,  we  conclude 
that  Tp  :j=  0.   Similarly,  If  we  assume  S^  =  0  In  Identity 
(192),  we  are  led  to  the  same  set  of  Inconsistent  equations. 
Consequently  we  conclude  that  S^  ^  0,     The  above  analysis 
Implies  S^Tp  4=  0,  and  the  restriction  given  by  equation  (1^) 
Is  satisfied. 

One  restriction  In  Scheffe's  criteria  Is  that  h  be 
a  positive  Integer.  Therefore,  In  Identity  (19^) 
h+2-m>2-m,  and  we  conclude  that  h+2-m=U,  or 
h  =  2  +  ra.  We  can  now  deduce  the  follov/lng  cases  to  be 
Investigated: 

Case  I:    h  =  1;  m  =  -1 

Case  II:   h  =  2;  m  =  0 

Case  III:  h  =  3;   m  =  1. 

That  the  above  cases  form  an  exhaustive  set,  may  be 
demonstrated  as  follows:   Let  h  >  3,  then  m  >  2,  and  from 
Identity  (193)  It  follows  that  S2  =  0,  contrary  to  previous 
observations.  Also  since  h  Is  a  positive  Integer,  then 
h  >  1,  consequently  the  above  set  Is  exhaustive,  v/e  will 
now  study  each  of  the  above  cases  In  turn. 
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Case  I:  h  =  1;  m  =  -1 
Letting  J  =  2,  h  =  1,  and  m  =  -1  In  equation  (10i<-) 
gives  us  the  following  expression: 

(199)  P2(w)  =  S2W^  -  T^w^. 

Using  equation  (199)  In  conjunction  with  equation  (193) 
yields  the  follov-zlng  Identity: 

(200)  P2(w)  =  S^w^  -  T2W^  s  w^  +  w3(3a-b-l) 

-t-  w2[(2a-l)(2a-b)-a2] 
+  w(a)(a-l)(a-b) . 
Equating  coefficients  of  like  powers  of  w  In  both 
members  of  Identity  (200),  gives  the  following  equations: 
(1)   T2  =  -1, 
(11)   S^  =  3a-b-l, 
(111)   (2a-l)(2a-b)-a2  =  0,  and 

(Iv)   a(a-l)(a-b)  =  0. 
From  equations  (11)  -  (Iv)  we  deduce  the  following 
values  for  a,  b,  and  S^: 

a  =  0;    b  =  0;    S^  =  -1; 
a  =  1;    b  =  1;    S  =  +i;  and 
a  =  b;    b  =  0,1;   S^  =  +1. 
From  this  set  of  values,  vre  choose  a  =  b  =  0,  hence 
S2  =  -1.   Substituting  this  information  Into  equation  (199) 
gives  the  following  equation; 

(201)  P2(w)  =  w^  -  w3. 
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In  order  to  compute  p-j^(w)  ,  we  set  J  =  1,  h  =  1, 
and  m  =  -1  in  equation  (104).  We  then  equate  the  result 
to  equation  (19^)  to  get  the  follot^/lng  Identity; 

(202)  p,(w)  =  S^w^  -  T^w3  ■  A^w3  +  vj^{-^aA^-¥A^) 

+  w(3a2A^+2aA2+A,) 
+  (A^a^+A^a^+A^a+Ai^)  . 
Equating  coefficients  of  like  powers  of  w  in  both 
members  of  identity  (202)  yields  the  following  set  of 
equations; 

(1)   T^  =  -A^, 
(11)  S^  =  3ba^-^a^, 
(ill)   3a^A^+2aA2+A,  =  0,  and 
(Iv)   A^a^+A2a^+A,a+Ai^  =  0. 
Using  the  fact  that  a  =  b  =  0,  we  have  from  equation  (3) 

S,  =  -(l+a+3)  +  6.  Also  from  equation  (2)  we  have 
T,  =  -d+a+p).   Equation  (202)  nov;  becomes; 

(203)  p-,^(w)  =  (l+i+p)w3  -  (l+a+3-6)w2. 

The  computation  of  Pq(w)  proceeds  in  a  similar 
fashion  to  the  above.  That  is,  we  let  J  =0,  h  =  1,  and 
m  =  -1  in  equation  (10^),  then  equate  the  result  to  the 
right  member  of  equation  (195)  to  obtain  the  folloi^ing 
identity; 

(204-)    Pq(w)  =  S^w  -  T^w^  s  B^w^  +  w(  238^+8^) 

+  (a2B^+aB2+B,) . 
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Again  we  equate  coefficients  of  like  powers  of  w  in  both 

members  of  identity  (20^)  to  obtain  the  follovring  equations: 

(1)   T^  =  -B^, 

(11)   S  =  2aB-+B^,  and 
o      12' 

(ill)   a^B^+aBg+B,  =  0. 

Now  from  equations  (6)  -  (??)  ,  and  from  the  restric- 
tion a  =  b  =  0,  we  deduce  the  followinp;  equations: 
Tq  =  -a 3,   Sq  =  -a3p.  The  value  for  S^  is  deduced  as 
follows:  Since  a  =  0,  then  from  equation  (ill)  above, 
B-2  =  0  which  implies,  by  way  of  equation  (2),  that  p  =  0, 
or  q  =  0,  or  p  =  q  =  0.   ap  ^  0,  because  if  ap  =  0,  then 
equation  (1)  is  essentially  a  first  order  differential 
equation.   We  choose  q  =  0.   Then  S  =  -a3p. 

Substituting  the  above  values  of  T  and  S 
into  equation  (204)  gives  us  the  following  equation; 

(205)  Pq^^^  ^  apw^  -  appw. 

We  now  substitute  equations  (201),  (203),  and  (205) 
Into  equation  (1^9)  to  obtain  the  follov:ing  differential 
equation; 

(206)  (w*^  -  w3)^+  [(l+a+3)w3  -  (l+a+p-6)w2]|li 

dw2  dw 

+  a3w(w-p)u  =  0. 
Division  of  both  members  of  equation  (206)  by  w  gives  us 
the  equation  in  the  desired  form: 
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2 

(207)  w2(w-l)^  +   [(l+a+p)w2  ,   (l+a+3.6)„]^ 

dw^  °^ 

+  a3(w-p)u  =  0. 

In  the  derivation  of  equation  (207),  we  chose 
a  =  b  =  q  =  0.   Other  choices  of  a  and  b  will  give  other 
confluent  differential  equations.  We  will  nov:  classify 
equation  (207)  In  the  notation  of  Ince. 

v;e  begin  the  classification  by  Initially  v;rltlng 

equation  (207)  In  the  form  given  by  equation  (117),  thus: 

2 
±J^  +  p(w)^  +  q(w)u  =  0,   vxhere 
dw2  dw 

(208)  p(w)   =  il±^  -    <^^y),    and 
^  w  -   1  w(w-l)       ' 

(209)  q(w)    =2ff^) 

w2(w-l) 

From  the  criteria  outlined  In  Chapter  I,  If 
(w-c)p(w)  and  (w-c)^q(vf)  are  both  analytic  at  some  finite 
point  c,  then  o  Is  a  regular  singular  point  of  the  differ- 
ential equation  under  consideration.  Hence  from  equations 
(2085)  and  (209),  we  have 

wp(w)  =  ^U-^-^^P)  -  (l-^g-^P-M,  and 
w  -  1       w  -  1 


w2q(w)  =  o^wrfil. 
w  -  1 
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since  wp(w)  and  w^q(v/)  are  both  analytic  at  w  =  0,  v:e 
conclude  that  w  =  0  Is  a  regular  singular  point  of  equa- 
tion (207). 

Again  from  equations  (20??)  and  (209)  we  have  the 
following: 

(210)  (w-l)p(w)  =  (l+a+3)  -  ^^"^"^^^'^^  and 

(211)  (w-l)2q(w)  =  ap(w-l)(w-p)^ 

w^ 

Also  from  equations  (210)  and  (211)  we  note  that  (w-l)p(v.') 
and  (w-l)'^q(w)  are  both  analytic  at  w  =  1,  hence  we  conclude 
that  w  =  1  is  a  regular  singular  point  of  equation  (207). 
In  order  to  examine  whether  or  not  infinity  is  a 
regular  singular  point  of  equation  (20  7),  we  initially  make 
the  variable  transformation  given  by  equation  (12^).  Apply- 
ing this  transformation  to  equation  (117)  gives  us; 

P 

(212)  ^  +  [2/v  -  (l/v2)p(l/v)]fii  +  (l/v^)q(l/v)u  =  0. 

We  now  examine  whether  ornotv=Oisa  regular  singular 
point  of  equation  (212).   Thus  we  investigate  analyticlty 
of  v[2/v  -  (l/v2)p(l/v)]  and  v^(l/v^)q(l/v)  at  v  =  0 . 
From  equations  (20?)  and  (212)  we  get: 

v[2/v-  (l/vg)p(l/v)]=  2-  (1/V)|^U^-^;P)  -  ^^4-^;^-^], 
or 
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(213)    [2  -  (l/v)p(l/v)]  =  2  .  ^^^  ^   ^<^^fP^^^  and 
v2(l/v'^)q(l/v)  =  (l/v^)[^\P^l-P^)].  or 

(2ll|)    (l/v2)q(i/v)  =  ^PU-P^). 

We  Immediately  see  from  equations  (213)  sand.   (2l4-) 
that  [2  -  (l/v)p(l/v)]  and  (l/v2)q(l/v)  are  both  analytic  at 
V  =  0.   Consequently  v  =  0  is  a  regular  singular  point  of 
equation  (212).   This  Implies,  by  way  of  equation  (12^),  that 
infinity  is  a  regular  singular  point  of  equation  (207). 

The  investigation  to  this  point  shows  that 
w  =  0,  1,  and  infinity  are  regular  singular  points  of 
equation  (207).  We  will  now  determine  whether  or  not 
these  three  points  are  elementary  singular  points.  This 
will  be  accomplished  by  assuming  a  series  solution  of 
equation  (207),  expanding  in  a  neighborhood  of  each  regular 
singular  point  in  turn,  and  then  examining  the  difference 
of  the  roots  of  the  respective  indiclal  equations . 

We  assume  a  solution  of  equation  (207)  in  a  neigh- 
borhood of  w  =  0  to  be: 

(21^)   u(w)  =  CqW^  +  c-^w^"*"!  +  •••  +  c^^w^"*"^  +  •••  ;  c^  ^1=  0. 
Differentiating  equation  (21"^)  with  respect  to  w  gives  us 
the  following  equation: 
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(216)  u'{w)  =CqAw^-^+ c-l(X+1)w^  +  •••  +  c^(X+r)w^'^^-^+  •••. 
Differentiating  equation  (2l6)  with  respect  to  w  gives  us 
the  following  equation; 

(217)  u"(w)  =  CqX(X-1)w^-2  +  c^(x+i)(x)w^-l  +  ••• 

+  Cp(X+r)(X+r-l)w^'*'^-2  +  ...  , 

Substituting  equations  (215)  -  (217)  Into  equation 
(207),  and  equating  the  coefficient  of  w^  to  zero,  gives 
us  the  following  Indlclal  equation; 
(21g)   CqX(X-I)  -  CQX(l+a+3-S)  -  c^a^p  =  0. 
Equation  (21f?)  simplifies  to; 

(219)  X^  -  X(2+a+3-&)  -  app  =  0. 
Solving  equation  (21S)  for  X  yields; 

X-,_  =  [(2+a+3-6)  -  R]/2,  and 
X2  =  [(2+a+p-6)  +  R]/2,  where 

R  =^(2+a+p-6)^  +  ^app. 
From  the  above  equations  we  see  that  Xg  -  X-j^  =  R  +  1/2, 
and  thus  w  =  0  Is  not  an  elementary  singular  point. 

We  next  Investigate  whether  or  not  w  =  1  Is  an 
elementary  singular  point.  First  we  make  the  variable 
transformation  v  =  w  -  1,  Equation  (207)  then  becomes; 

2 

(220)  v(v^+2v+l)^  +  [v^(l+a+3)  +  v(l+a+p+5)  +  6]|^ 

dv2  civ 

+  a3(v+l-p)u  =  0. 
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We  assume  a  solution  of  equation  (220),  In  a  neigh- 
borhood of  V  =  0,  that  Is  w  =  1,  to  be  of  the  form: 

(221)  u(v)  =  CqV^  +  c^^v^"*"^  +  •••  +  Cj.v^"^^  +  •••  ;  c^  :|=  0. 
Differentiating  equation  (221)  with  respect  to  v  gives  us 
the  following  equation: 

(222)  u'(v)  =  CqXv^-^+ C3^(X+l)v^  +  •••  +  Cj.(X+r)v''"^^-l+  •••, 
and  differentiating  equation  (222)  with  respect  to  v  yields: 

(223)  u"(v)  =  c  (X)(X-l)v^-2  +  c^(X+l)(X)^-l  +  ••• 

+  c  (X+r)(X+r-l)v^"^^-2  +  •••  . 
r 

Substituting  equations  (221)  -  (223)  into  equation  (220) 
and  equating  the  coefficient  of  v^"^  to  zero,  yields  the 
following  Indlclal  equation; 
(22'l)   CqX(X-I)  +  CqXS  =  0. 

Solving  equation  (224)  for  X  gives  us  X^  =  0,  and  Xg =  1  -  6, 
and  hence  Xo  -  X,  ^  1/2.  We  therefore  conclude  that  v  =  0 
Is  not  an  elementary  singular  point  of  equation  (220).  This 
Implies  w  =  1  Is  not  an  elementary  singular  point  of  equation 
(207). 

Finally,  we  Investigate  whether  or  not  Infinity  Is 
an  elementary  singular  point  of  equation  (207).  First, 
however,  we  make  the  variable  transformation  v  =  1/w,  and 
apply  this  transformation  to  equation  (207),  thus  obtaining 
equation  (212),  xvhere 
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(225)  [2/v  -  (l/v^)p(l/v)  3  =  2/v  -  (1/v^)  pU-^^-^P)  -  v^(l-^a+P-S)l 

Ll"V  1-v      J' 

and 

(226)  (l/v^)q(l/v)    =   (l/v^)[v2ap(l-pv)/(l-v)]. 
Substituting  equations    (225)    and   (226)    Into  equation   (212) 
we   ge  t ; 

^227)   -^  +    |_2/v  -  7tll^+      1  -  vjd7 

+   [a3(l-pv)/v2(i-v) ]u  =  0. 

Equation  (227)  immediately  reduces  to: 

2 
(22g)  v2(v-l)^+  [2v(v-l)+  (l+a+3)v- (l+a+p-Mv2]4ii 
dv^  dv 

+  ap(pv-l)u  =  0. 
Substituting  equations  (221)  -  (223)  into  equation 
(22g),  then  equating  the  coefficient  of  v^  to  zero  gives 
us  the  follov:lng  Indlclal  equation; 

(229)  -CqX(X-I)  +  CQX(-2+l+a+3)  -  c^ap  =  0. 
Equation  (229)  reduces  to 

(230)  (X-a)(X-P)  =  0,  so  that  X-j_  =  a,  and  X^  '   ^>    hence 
^2  "  ^1  ^  1/2.   This  Implies  v  =  0  Is  not  an  elementary- 
singular  point  of  equation  (22f?),  which,  by  way  of  the 
transformation  w  =  1/v,  Implies  that  Infinity  Is  not  an 
elementary  singular  point  of  equation  (207). 
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Inasmuch  as  equation  (207)  has  no  elementary  singu- 
lar points,  three  regular  singular  points,  and  no  Irregular 
slngiilar  points,  we  classify  it  in  the  notation  of  Ince  as 
an  equation  of  the  [0,3,0]  class. 

We  will  nov/  study  Case  II . 
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Case  II:  h  =  2:  m  =  0 
We  now  let  J  =  2,  h  =  2,  and  ni  =  0  In  equation  (10^), 
then  equate  the  result  to  the  right  member  of  equation  (193) 
to  obtain  the  following  Identity; 
(231)    Ps^w)  =  S2w2  -  T2w'^  =  w^  -»-  w3(3a-b-l) 

+  w2[(2a-l)(2a-b)-a2] 
+  w(a)(a-l)(a-b) . 
Equating  coefficients  of  like  powers  of  w  In  both  members  of 
the  above  Identity  gives  the  following  set  of  equations: 
(1)   T^  =  -1, 
(11)   S^  =  (2a-l)(2a-b)-a^, 
(lii)   3a-b-l  =  0,  and 
(Iv)   a(a-l)(a-b)  =  0. 
Solving  equations  (Hi)  and  ( iv)  simultaneously  gives 
us  the  following  possibilities  for  a  and  b: 


a  =  0 

b  =  -1, 

a  =  1 

b  =  2,    and 

a  =  b 

b  =  1/2. 

Of  the  above  choices,  we  choose  a  =  C,  b  =  -1,  so  that 
Tp  =  -1,  and  Sp  =  -1.   Eqiiatlon  (231)  then  becomes; 
(232)   P2(w)  =  w^  -  w^. 

Other  choices  of  a  and  b  will  result  in  other  expressions 
for  P2(w) . 
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Again  In  equation  (10^)  we  let  J  =  1,  h  =  2,  and 
m  =  0,  then  equate  the  result  to  the  right  member  of  equation 
(19^),  thus  obtaining  the  following  Identity; 
(233)    Pi^^)    =  S-j_w  -  T^w3  ■  A^w3  +  w2(3aA^+A2) 

+  w( 3a2A^+2aA2+A, ) 

+  (A^a^  +  Aga^+A^a+Aj^)  . 

Equating  coefficients  of  like  powers  of  w  In  both  members 
of  Identity  (233) •  a^d  remembering  that  a  =  0,  gives  us  the 
following  Bet  of  equations; 
(1)   T^  =  -A^. 
(11)   S^  =  A^, 

(111)   A2  =  0,  and 
(iv)   Ai^  =  0. 
Now  from  equations  (2)  -  (5),  we  have  for  a  =  0  and  b  =  -1, 
A-7  =  -(Y+e),  and  -A^  =  -(l+a+3).   Also  A^  =  0  Implies 
r,  =  6 .   Substituting  the  above  Information  Into  equation  (233) 
gives  the  following  for  p-,  (w)  : 
(23^)    Pi(v;)  =  (l+a+p)w3  -  (Y+e)w. 

Finally,  In  equation  (104)  we  let  J  =  0,  h  =  2,  and 
ra  =  0,  then  equate  the  result  to  the  right  member  of  equation 
(195)  to  get  the  following  Identity; 
(235)    Po(w)  =  Sq  -  Tqw2  =  B^w2  +  w(2aB^+B2) 

+  ( a^B^+aB^+B, ) . 
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From  this  Identity  we  can  obtain  the  following  set  of 
equations  Immediately: 

(1)   T^  =  -Bi, 

2 
(11)  Sq  =  a  B^+aB^+B,,  and 

(111)   2aB^+B2  =  0. 

Comparing  the  above  equations  with  equations  (6)  - 
(g),  and  remembering  that  a  =  0,  we  get  the  following  use- 
ful relationships; 

(1)   Tq  =  -ap, 
(11)   S^  =  -app^,  and 
(111)   p  =  -q,  since  i^  ^  0. 
Substituting  the  above  Information  Into  equation 

(235)  gives  us  the  following  expression  for  Pq(w) ; 

(236)  Po(w)  =  apw^  -  app2. 

We  now  substitute  equations  (232),  (234),  and  (236) 
Into  equation  (189),  thus  obtaining  the  following  differen- 
tial equation: 

(237)  (w^-w2)i-^+  [(l+a+3)w3  -  (Y+€)w]^ 

dw2  dw 

+  ap(w^-p^)u  =  0. 
Equation  (237)  was  derived  by  choosing  a  =  0,  b  =  1,  and 
p  =  -q.  Other  choices  will  result  In  other  confluent  dif- 
ferential equations.  Equation  (237)  raay  be  classified  In  a 
manner  similar  to  that  used  to  classify  equation  (207). 
We  will  now  Investigate  Case  III. 
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Case  III :  h  =  "5 :  m  =  1 
We  begin  the  investigation  of  Case  III  by  letting 
J  =  2,  h  =  3,  and  m  =  1  in  equation  (lOM-),  then  equate  the 
result  to  the  right  member  of  equation  (195)  to  get  the 
following  identity; 
(23^)    P2(w)  =  S2W  -  ^2^}^   =  w^  +  w3(3a-b-l) 

+  w2[(2a-l)(2a-b)-a2] 
+  w(a)(a-l)(a-b) . 
We  now  equate  coefficients  of  like  powers  of  w  in  both  mem- 
bers of  the  above  identity  to  obtain  the  following  set  of 
equations; 

(1)  T2  =  -1, 
(11)   S2  =  (a)(a-l)(a-b), 
(ill)   3a-b-l  =  0,  and 

(Iv)   (2a-l)(2a-b)-a2  =  0. 
Solving  equations  (ill)  and  (iv)  simultaneously  gives 
us  the  following  sequence  of  equations; 
a  =  ^Tp  from  equation  (ill),  and 

k-a^   -  2ab  -  2a  +  b  -  a^  =  0  from  equation  (iv)  . 
Combining  the  above  equations  and  simplifying  gives  us  the 
following  equation; 


Igl 


p 

b  -  b  +  1  =  0,  and  solving  gives  us 

b^  =  -ur;  ^2  =   -w,  where  1,  u,   and  <^  are  the 

three  cube  roots  of  xmlty.   Corresponding  to  tlieae values  of  b, 

we  note  that 

2 


Bj.  =  — - — ;  and  ^2  =  ^ 

2  2 

We  will  choose  a^  «=  {1-u   )/3  and  b^  =  -u  for  future 

discussion.  From  these  values  of  a  and  b,  we  deduce  the 

following  useful  relationships: 

u  -u         ivT        ? 
a^b^  =  — y-  =  -4-^,  where  1*^  =  -1, 

a^  =  -^  =  -^,  and  3a^  -  a^b^. 

Now  from  equation  (11)  we  have 
Sp  =  a(a^-ab-a+b)  =  a^  -  a^b  -  a^  +ab. 
By  the  preceding  relationships,  this  reduces  to 

^l^l   ivT 
S2  =  — T"^   =  qi  »  ^^^  equation  (23S)  now  becomes; 

(239)   P2(>')  »  w*^  +  {l^/3/9)w. 

Again  In  equation  (104-)  we  let  J  =  1,  h  =  3,  and 
m  =  1,  then  equate  the  result  to  the  right  member  of  equation 
(19^),  thus  obtaining  the  following  Identity; 
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(2lK))    Pi(w)  =  S^  -  T-,_w3  =  A3_w3  +  w^{J,&Aj+A^) 

+  w(3a2A-L+2aA2+A^) 

+  (A^a^+A2a2+A^a+Ai^)  . 

Again  we  equate  the  coefficients  of  like  powers  of  w  In 
both  members  of  the  above  Identity  to  obtain  the  following 
equations; 

(1)   T^L  =  -A^, 
(11)   S^  =  A^a^+A^a^+A^a+Ai^, 

(ill)   3aA-L+A2  =  0,  and 
(iv)   3a2A-,_+2aA2+A-j  =  0. 

From  equations  (ill)  and  (iv),  we  im-nediately  deduce 
that  aA2  +  A,  =  0,  and  hence  S-j_  =  A^a^  +  Ai^.  This,  together 
with  equations  (2)  and  {^) ,    and  remembering  that 
a^  =  (1/5/9),  ^i\   =  (^'T/3).  lead  us  to  the  conclusion 
that  T-L  =  -d+a+p)  and  S^  =  (i\^/9)  ( 1+a+p)  -  (i\/3/3)7. 
Equation  (2^)  now  becomes: 
(2i+l)   Pi(w)  =  (l+a+3)w3  +  [(lV^/9)(l+a+3)  -  (l\/3/3)7]. 

Finally,  we  let  J  =0,  h  =  3,  and  m  =  1  in  equation 
(loU),  then  equate  the  result  to  the  right  member  of  equa- 
tion (195)  to  obtain  the  following  identity: 
(2il2)    Pq(w)  =  SqW-1  -  TqW^  5  B;j_w2  +  w(2aB^+B2) 

+  ( a2B3_+aB2+B^ ) . 
Equating  coefficients  of  like  powers  of  w  in  both  members 
of  the  above  identity,  yields  the  following  set  of  equations 
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(1) 

To   -   '\» 

(11) 

So  =0' 

(111) 

2aB-j_+B2  =  0, 

and 

(Iv)   a^B-j_+aB2+B,  =  0. 
From  equations  (111)  and  (Iv)  we  Immediately  deduce  that 
a^B-,  =  B-,.  Comparing  the  above  equations  with  equations 
(6)  -  (S),  we  observe  that  T^  =  -ap,  hence  equation  (2^2) 
becomes ; 
(2^3)   Pq(w)  =  apw^. 

Substituting  equations  (239),  (2^^!),  and  (2^3)  Into 
equation  (1S9)  gives  us  the  desired  differential  equation: 

(2kk)        [w^+(l\/3/9)w]^  +[(l+a+p)w3  +(l\/3/9)(l+a+3-3Y)]~ 


dw-  ^^ 

+  apw^u  =  0. 
Subject  to  the  restrictions  given  In  the  derivation 
of  equation  (2^^),  we  will  now  show  that  l+a+  p-  37=  €. 
Thus  In  the  derivation  of  S,  ,  we  noted  that  a^A.^   +  A,  =0, 
hence  from  equations  (3)  and  (4)  we  have: 
(2^4-5)   -a3_[(l+a+0)(l+a^+bj^)  -  a^c  -  b^n  -  6] 

=  [a3^b^('Y+€)  +  a^(7+n)  +  b^(7  +  €)]. 
We  now  substitute  a,  =  (l+b^)/3  Into  equation  (24-5),  then 
divide  both  members  of  the  result  by  (-a^^)  to  get: 

(l+a+3)[l+(l+b^)/3  +  b^]  -  €(l+b3_)/3  -  b^T]  -  6 
=  b^(7+6)  +  (7+Ti)  +  (Y+€)(b3_/aTL),  or 
[(l+a+p)(i|+»^b^)/3]  -  €[(l+b^)/3]  -  nd+^i)  -  -Yd+b^) 
-  Sd+b^^)  =  (7  +  e)(b3^/aj_). 
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This  may  be  written; 

(3a^)(l+a+p-e-Ti-Y-6)  +  a(l+a+p) 
=  -2ae  +  {y+e){\)^/a^)  . 

From  equation  (12)  In  Chapter  V,  we  noted  that 

l  +  a+3-Y-5-T]-e=o,  hence  we  multiply 

2 
"both  members  of  the  above  equation  by  a  ,  and  reduce  it 

as  follows : 

a^(l+a+3)  -  a-j_b^'Y  =  e(a^b^-2a^). 

But  again  we  recall  that  3^  =  ^i^i»  ^^^*^®  ^^®  above  equation 
reduces  to  the  following: 

a-,b-,  -T 

(l+a+3) ^^7=  e(a,b,/a^-2)  ,  or 

a^        -'■■'•  1 

l  +  a+  P-3'Y=  e,  which  Is  the  desired  result. 

Substitution  of  this  expression  Into  equation  (2^)  gives 

us  the  final  result; 

{2he)        [w^+(l^/3/9)w]^  +  [(l+a+p)w3  +  (iv'3/9)  e]|ii 

dw2  <iw 

+  apw^u  =  0. 

Equation  (2^6)  was  derived  by  choosing 
a  =  (l-uP)/3,  b  =  -cj2,  h  =  3,  and  m  =  1.  Other  choices  for 
a  and  b  will  determine  other  non-confluent  differential 
equations. 

We  will  now  solve  equation  (2^6)  In  a  neighborhood 
of  w  =  0,  that  Is,  In  a  neighborhood  of  z  =  a. 


1^5 


We  assume  a  solution  of  equation  (2^6)  to  be  of  the 
form  given  by  equation  (1?).   We  then  differentiate  equa- 
tion (IS)  with  respect  to  w  to  get  equation  (19).   Following 
this,  we  differentiate  equation  (19)  to  get  equation  (20). 
We  then  substitute  equations  (IS)  -  (20)  Into  equation  (2^6) 
to  obtain  the  follov/ing  result; 

(2i+7)    [w^+  (1\/3/9)w][CqX(X-1)w^-2  +  c,(\+3)(X+2)w^-*-l  +  ••• 

+  c,^(X+3r)(X+3r-l)w^-^3r-2 

+  c^j^3(X+3r+3)(^+3r+2)w^"'3^^  +  •••] 

+  [(l+a+0)w^  +(l\^/9)e][cQXw^'"-^  +  C3(  X+3)w^'*'^  +  ••• 
+  C3^(X+3r)w^-^3r-l 

+  C3^3(x+3i^3)w^"'^^2  +  •••] 
+  [apw2][c^w^  +  c^w^'^^  +  ...  +  c.^w^"*'^^ 

We  assume  that  Cq  =j=  0  In  the  above  equation. 

In  order  to  obtain  the  Indlclal  equation,  we  equate 
the  coefficient  of  w    to  zero  as  follows; 
{2kS)        CqX(X-1)(1v^/9)  +  c^X(l>/3/9)e  =  0. 
Solving  equation  (2^+^)  for  X  yields; 

X  =  0,  1  -€  .  This  verifies  our  choice  of  exponents 
at  z  =  a. 
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We  can  get  the  two  term  recurrence  equation  by- 
equating  the  coefficient  of  w^"^^^  to  zero,  thus  obtaining: 
(2^9)   c^j,(X+3r)(X+3r-l)  +  c^j^.(X+3r+3)  (^+3r+2)(i\/3/9) 

+  c,„(X+3r)(l+a+3)  +  o,  .,(^+3r+3)(l^/3/9)  e 
3r  3r+3 

+  c,  ap  =  0, 
3r 

Solving  equation  (24-9)  for  c,  ..,  gives  us  the  following 

3r+^ 

equation; 

toc:n\        «     -  -[(^+3r)(X+3r-l)  +  (X-»-3r)(H-a+3)+a3]c, 

(250;    o-7_.-7  -  E= ^^. 

^^^         (  X+3r+3 )  ( l^^/9)  (  X+3i^2+  e) 

Equation  (250)  is  easily  simplified  to  the  following  form; 

(PPl)   c     =  ^i^/T)(^-^3r^^a)(^-^3r-^6) 
v<:;.-l;   c^^^     (X+3r+3)(\+3r+2+€)   ^3r- 

Set  r  =  0  in  equation  (251)  to  obtain; 

(252)  c^  -    (^+3)(j^+2+€)   °o 

Now  let  r  =  1  in  equation  (251)  to  get; 

(253)  c^  =  ^  (^+3+3HX+3+2+0^  °3»  ^^  substitute  equation 
(252)  into  equation  (253)  to  get  c^  in  terms  of  c^,  thus; 

(P.U)        ^  (3lv^)^(^-^a)(X-^a-^3)(X-^B)(X-^3;^3). 

l^h^j    c^  -   (x+3)(X+3+3)(X+j?+e)(X+2+e  +  3)  ^o  • 

We  can  now  generalize  by  letting  r  =  n  -  1  in  equation 
(251)  thus  obtaining; 
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(P^p-^  „   _(31v^)"(^+a)"•(X-^a-^3n-^)(^-^B)•••(^+B-^3n.3) ^ 

^  ^^   3n  (x+3)(X+3+3)---(x+3+3n-3)(x+2+€) •••(x+2-w+3n-3)  °* 

Dividing  numerator  and  denominator  of  equation  (255)  by 

3   we  get  the  following  expression: 

(256)  c,  ,niv/3)"'— '•••'T-^-^»-f'---'-T^''-^' , 

We  can  now  write  a  solution  of  equation  (2^6)  In 
the  form  given  by  eqxiatlon  (82)  repeated  here  for  conven- 
ience, thus; 


U(w)  =  CqW 


00 


1  +   Z   (C3^/C„)w 
n=l   ^ 


3n 


,  where  c-z^   Is  given 


by  equation  (256).   We  now  have,  for  X  =  0,  the  following 
solution." 


(257)  u^(w)  =K^ 


1  +  Z 


°°(n./T)"'f'---'f-°-^>'f'---'f°-".3n 


n=l  n;(^)(£i^l)---(^n-l) 


-W^ 


Comparing  the  above  series  with  equation  {Sk) ,   we  see  that 
we  c  an  express  the  above  solution  In  terras  of  the  hyper- 
georaetrlc  function.  First,  however,  we  set  up  the  follow- 
ing correspondences: 

a  =  a/3;    c  =  (2+e)/3,  and 

b  =  P/3;    z  =  31\/3W^. 
In  terms  of  the  hypergeometrlc  function,  equation  (257) 
now  becomes: 
(25g)   ui(w)  =  K-lF(|,  |;  ^;  31^/3w^)  • 
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We  finally  recall  that  w  =  z  -  a,  and  hence  we  let 
u-(w)  =  iL(z-a)  =  u-(z),  so  that 

(259)  U3_(z)  =  K^F[a/3,  3/3;  (2+e)/3;  3i^/3(  z-a)^] . 

We  now  let  X  =  1  -  e,  so  that  equation  (2^6)  becomes: 

3"  nl(^)(^l)...(^n-l) 

Correspondingly,  equation  (257)  becomes: 

(261)  U2(w)  =  (K2vr'-"^)(S+1)  ,  where 

3_?(31V^)"^-T-^   >(-^-^n-l)(-^)    (-^n-1)^^^^ 
n=l         nl(^)  (^1)  •  •  -(^n-l) 

Again  we  can  express  the  above  solution  In  terms  of 
the  hypergeometrlc  function  as  follows: 

(262)  U2(w)  =  K^wl-^F[i:^^±3:,  l=£±Jg;  i^;  3iv/3w3]. 

Likewise,  we  recall  again  that  w  =  z  -  a,  so  that 

U2(vj)  =  Uo(z-a)  =  Up(z),  and  the  above  solution 
becomes : 

(263)  u.(z)  =  K-(z-a)l-^F[i:ii±^,  1=1^-,   %1;  31^/3(  z-a)3] . 


*2'"'    -2 


3  '   3    3 


1S9 


A  general  solution  of  equation  (2^6)  in  a  neigh- 
borhood of  w  =  0,  that  is,  in  a  neighborhood  of  z  =  a,  is 
a  linear  combination  of  equations  (259)  and  (262),  or: 

(26^)  u(2)  =  K^F[a/3,  e/3;  (2+^)/3;  3l^/3(2-a)^] 

+  K2(z-a)l-^F[l::^,  1=^;   ^;  31v/3(z-a)3] . 

In  equation  (264)  we  assume  that  e^  1  +  J)n, 
(n  =  1,2,...).   Further,  by  the  ratio  test,  equation  (26i^-) 
is  absolutely  convergent  for  jz-al  <  \/y/3. 

We  v;ill  now  apply  Scheffe's  criteria  to  equation  (1) 
and  investigate  a  solution  of  the  result  in  a  neighborhood 
of  z  =  b. 
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Solution  in  a  Neighborhood  of  z  =  b,  where 
b  4=  0,  1,  a,  or  oo 

We  will  now  apply  Scheffe's  criteria  to  equation  (1) 
and  consider  a  solution  of  the  result  In  a  neighborhood  of 
z  =  b. 

We  first  make  the  variable  transformation: 
(26s)   w  =  z  -  b,  or 

(266)  z  =  w  +  b. 

Prom  these  equations  it  follows  that 

(267)  fii  =  ^.  and 
dw   dz 

(26g)   ^  =  ^. 
dw'^   dz^ 

Substituting  equations  (26^0  -  {26S)    into  equation  (1) 

gives  us  the  differential  equation  in  the  following  form; 

( w+b )  ( w+b-1 )  ( w+b-a )  ( w )  2^-ii 

dw^ 


+  [A^(w+b)^  +  A^Cw+b)^  +  A^(w+b)  +  Aij_]|^ 
+  [B^(w+b)^  +  B^Cw+b)  +  B,]u  =  0. 


This  equation  may  be  written  as  follows ; 

2 

(269)  Pp(w)^  +  Pi(w)^  +  p^(w)u  =  0,  where 

^       dw2    J-   dw    o 

(270)  P2(w)  =  (w+b)(w+b-l)(w+b-a)(w) , 

(271)  P-l(w)  =  A^(w+b)^  +  A^lw+b)^  +  A  (w+b)  +  A^,  ,  and 

(272)  Po(w)  =  B]^(w+b)^  +  B2(w+b)  +  B3. 
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We  will  now  simplify  each  of  equations  (270)  -  (272) 
In  turn . 

P2(w)  =  (w+b)(w+b-l)(w+b-a)(w) 

=  ( w  +bvf )  ( w^+bw-aw+bw+b  -ab-w-b+a ) 
=  w  +bw3-aw^+bw^+b^w^-abw^-w^-bw^ 
+  aw^+bw^+b^w^-abw^+b^w^+b^w-ab^w 
-  bw'^-b^w+abw 
=  w^+w^(b-a+b-l+b)  +  w^(b^-ab-b+a+b^-ab+b^-b) 
+  w(b3-ab2-b2+ab) ,  thus  finally, 
(273)    P2(w)  =  w^+w5(3b-a-l)  +  w2[(2b-l)(2b-a)-b^] 

+  w(b)(b-l)(b-a) . 
In  a  similar  fashion  we  obtain; 

p^(w)  =  A^(w^+3w^b+3wb^+b^)  +  A  (w2+2bw+b^) 

+  A,(w+b)  +  Ai^,  or  finally, 

(27)+)    P]_(w)  =  A^w^  +  w^(3A^b+A2)  +  w(3A^b2+2A2b+A^) 

+  (A^b^+A^b^+A^b+Aj^)  . 
Similarly, 
(275)    Po(w)  =  B^w^  +  w(2B^b+B2)  +  ( B^b^+B^b+B, ) . 

Substituting  equations  (273)  -  (27?)  Into  equation  (269) 
gives  us  the  differential  equation  In  the  following 
desirable  form; 
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(276)  {w^  +  w3(3b-a-l)  +  w^[(2b-l)(2b-a)-b^] 

,2 
+  w(b)(b-l)(b-a)}S-| 

+  [A^w^  +  w2(3A^b+A2)  +  w(3A^b^+2A2b+A,) 

+  (A]_b^+A2b^+A^b+Ai^)]|^ 

+  [B^w^  +  w(2bB^+  B^)  +  (b^B^+bB2+B,)]u  =  0. 

We  reiterate  that  A^^,  (1  =  1,2,3,4)  and  B,  ,  (J  =  1,2,3) 
are  given  by  equations  (2)  -  (?0. 

v/e  now  apply  Scheffe's  criteria  to  equation  (276) 
in  the  form  given  by  equation  (104)  since  we  are  interested 
in  a  neighborhood  of  w  =  0,  that  is,  z  =  b.  Thus  in 
equation  (10^)  we  let  J  =  2,  and  equate  the  right  member 
of  the  result  to  the  right  member  of  equation  (273) »  thus 
obtaining  the  following  identity: 

(277)  P2(w)  =  S2w2-^  -  T2W^'^2-m  -  ^^  +   w3(3b-a-l) 

+  w2[(2b-l)(2b-a)-b^] 
+  w(b)(b-l)(b-a)  . 
In  the  above  identity,  we  assume  T^  =  0,    then  equate 
coefficients  of  like  powers  of  w  in  the  result  to  obtain 
the  following  set  of  equations: 
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(1)   Sp  =  1,  since  of  necessity  2  -  m  =  ^, 
(11)   3b-a-l  =  0, 
(111)   (2b-l)(2b-a)-b^  =  0,  and 
(iv)   b(b-l)(b-a)  =  0. 
Any  attempt  to  solve  equations  (11)  -  (Iv)  leads  to  an 
Inconsistency.   We  therefore  conclude  that  T^  4=  0. 

Next,  we  assume  S2  =  0,  whereupon  we  again  obtain 
the  above  set  of  inconsistent  equations,  so  that  we  conclude 
S2  ^  0.  v/e  have  now  deduced  that  S^T^  '^   0,  and  the  restric- 
tion given  by  equation  {1^)    is  satisfied. 

We  recall  that  h  is  a  positive  integer.  Then 
h+2-m>2-ra,  and  from  Identity  (277)  it  is  clear  that 
h+2-m  =  4,  orh-m  =  2.   From  this  Infornation  v;e  deduce 
the  follovjing  cases  to  be  investigated; 


Case  I;  h  =  1 
Case  II:  h  =  2 
Case  III;   h  =  3 


m  =  -1 
m  =  0 
m  =  1. 

The  above  cases  form  an  exhaustive  set,  which  may 
be  demonstrated  as  follows ; 

Let  h  >  4,  then  m  >  2.   But  if  m  >  2,  we  have  from 
identity  (277)  S^  =  0,  v;hlch  is  contrary  to  previous  consider- 
ations. Thus  h  <  3.   Also  h  is  a  positive  Integer  by 
Soheffe's  criteria,  hence  h  >  1.  V.'e  thus  conclude  that  the 
above  set  of  cases  to  be  investigated  is  exhaustive. 
We  will  now  study  each  case  in  turn. 
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Case  I :  h  =  1:  m  =  -1 
Setting  J  =  2,  h  =  1,  and  m  =  -1  In  equation  (lO^I), 
then  equating  the  result  to  the  right  member  of  equation 
(273)  gives  us  the  following  Identity: 
(27^)    P2(w)  =  S2w3  -  T2W^  s  \t^   +  vt^i^h-a-l) 

+  w2[(2b-l)(2b-a)-b2] 
+  w(b)(b-l)(b-a) . 
Equating  coefficients  of  like  powers  of  w  In  both  members 
of  the  above  Identity  gives  us  the  following  set  of  equations 
(1)   T2  =  -1, 
(11)  Sp   =  3b-a-l, 
(111)   (2b-l)(2b-a)-b^  =0,  and 

(Iv)   b(b-l)(b-a)  =  0. 
From  equations  (11)  -  (Iv)  we  observe  the  follow- 
ing possibilities: 

b  =  0;    a  =  0;    S2  =  -1, 
b  =  1;    a  =  1;    S2  =  1, 
b  =  a;    a  =  0 ;    S2  =  -1, 
b  =  a;    a  =  1;    S2  =  1. 
The  above  possibilities  are  easily  reduced  to  the  following; 
b  =  a  =  0;    S2  =  -1, 
b  =  a  =  1;    S2  =  1. 
We  will  choose  b  =  a  =  0,  so  that  S2  =  -1,  and  equation 
(27S)  noxv  becomes; 
(279)   P2(>'')  =  w^  -  w3. 
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Again  In  equation  (10^)  we  let  J  =1,  h  =  1,  and 
m  =  -1,  then  equate  the  result  to  the  right  member  of 
equation  (27^)  to  get  the  following  Identity: 
(2gO)    p^(w)  =  S^w^  -  T^w3  =  A^w3  +  w2(3A^b+A2) 

+  w(3A^b^+2A2b+A,) 

+  (A^b^+Apb^+A,b+Aj^)  . 

Again  we  equate  the  coefficients  of  like  powers  of  w  in 
both  members  of  the  above  identity  to  obtain  the  following 
set  of  equations: 

(1)   T^  =  -Ai, 
(11)   S^  =  3A^b+A2, 
(111)   3A^b^+2A2b+A^  =  0,  and 
(Iv)   A-Lb^+A2b^+A-zb+Ai^  =  0. 

Since  we  have  chosen  a  =  b  =  0,  then  the  above  equations, 

in  conjunction  with  equations  (2)  -  (?),  give  us  immediately: 

T-,^  =  -d+a+p), 

Stl  =  6-(l+a+3)  . 
Substituting  these  equations  into  equation  (2^0)  yields: 
(231)    p^(w)  =  (l+a+3)w5  -  (l+a+p-6)w2. 

Finally,  to  compute  Pq(w) ,  we  set  j  =  0,  h  =  1, 
and  m  =  -1  in  equation  (10^)  ,  then  equate  the  result  to  the 
right  member  of  equation  (275)  thus  obtaining  the  following 
Identity: 
(282)    Pq(w)  =  SqW  -  TqW^  =  B^w^  +  w(2B^b+B2)  +  (B^b^+B2b+B^) 
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Equating  coefficients  of  like  powers  of  w  In  the  above 
Identity  gives  us  the  following  equations: 
(1)   To  =  -Bi, 
(11)   Sq  =  2B-Lb+B2,  and 
(ill)   B]^"b^+B2b+B-5  =  0. 

We  have  chosen  b  =  0,  therefore,  from  equations  (6)  -  (f?) 
we  get  the  following  values  for  T^  and  S^ : 

To  =  ^P. 

Sq  =  -^PP. 
We  note  from  equation  (ill)  that  B-,  =  0 .   This  Implies 
pq  =  0 ,  since  ap  ^  0 .   We  choose  q  =  0,  p  4=  0|  hence 
Sq  =  -app.   Substituting  the  above  values  of  S  and  T 
into  equation  (2^2)  gives  us  the  following  expression  for 
Po(w): 

(2^3)   Pq^^'^  =  ^3^^  -  otppw. 

Substituting  equations  (279),  (221),  and  (2^3) 

into  equation  (269)  gives  us  the  following  confluent 

differential  equation; 

2 
{2&^)        w3(w-l)^  +  [(l+a+p)w3  -  (l+a+p-6)w2]|M 
dw2  dw 

+  a3w(w-p)u  =  0. 
Division  of  both  members  of  equation  (25^)  by  w  gives  us; 
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2 
(255)   w2(w-l)^  +  [(l+a+p)w2  -  (i+a+p-Mw]|^ 

+  ap(w-p)u  =  0. 
We  will  now  classify  equation  (2gS)  in  the  notation  of  Ince. 

Let  us  Initially  write  equation  (285)  in  the  form 
given  by  equation  (117),  that  Is: 

^^^^^        d^  ■*■  P^^^d^  ^   ^^"^^^  "  °* 

Upon  comparison  vzlth  equation  (2^5),  we  note  the  following 

correspondences ; 

(286)  p(w)  =  (l^a^P)w^  -  (l^a^M}w^  ^^ 

w^(w-l) 

(287)  q(w)  =  Sc^i^. 

w'^(w-l) 

We  Immediately  observe  from  equations  (286)  and 
(287)  that  ;^(w)  =  l+a+p-6,  and  w^q(vO  =  app  when  w  =  0, 
so  that  w  =  0  Is  a  regular  singular  point  of  equation  (285). 
Again  we  note  from  equations  (286)  and  (287)  that 
(w-l)p(w)  =  6,  and  (w-1)  q(w)  =  0  when  w  =  1.  Thus  w  =  1 
Is  a  regular  singular  point  of  equation  (285). 

In  order  to  Investigate  v;hether  or  not  Infinity  Is 
a  regular  singular  point  of  equation  (285),  we  Initially 
make  the  variable  transformation  v  =  1/w,  substitute  into 
equation  (285),  and  then  investigate  whether  or  not  v  =  0 
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Is  a  regular  singular  point  of  the  resulting  equation. 
Subject  to  the  above  variable  transformation,  equation 
(117)  becomes: 

(2gg)    ^  +  [2/v  -  (l/v2)p(l/v)]|^  +  (l/v^)q(l/v)u  =  0. 
dv^ 

We  now  recall  from  Chapter  I,  thet  if  both 
v[2/v  -  (l/v2)p(l/v)]  and  v^l l/v^)q(l/v)  are  analytic  at 
V  =  0,  then  v  =  0  is  a  regular  singular  point  of  equation 
{26^),   which  implies  that  infinity  is  a  regular  singular 
point  of  equation  (285). 

From  equation  (2^6)  we  note  the  following: 

pd/v)  =  vtl±a±ll  _  v^d-^oc-^M),  hence 

^^^   '       1  -  V  1  -  V     ' 

(289)  v[2/v-   (l/v2)p(l/v)]  =  2-iiia±£l^vUta±£=61. 
Also,        q(l/v)    =  apv^(l-pY)^   ^^  ^j^^^ 

(290)  (l/v2)q(l/v)    =  aeii^. 

From  equations  (2S9)  and  (290)  we  see  that 
v[2/v  -  (l/v2)p(l/v)]  =  1-a-p,  and 
(l/v^)q(l/v)  =  ap  when  v  =  0,  so  that  v  =  0  is  a 
regular  singular  point  of  equation  (2^5),  and  hence  infinity 
is  a  regular  singular  point  of  equation  (28^). 
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From  the  above,  we  see  that  vr  =  0,1,  and  infinity- 
are  regular  singular  points  of  equation  (2^5).   We  have  thus 
examined  all  points  at  which  equation  (2^5)  falls  to  be 
analytic.  We  will  now  determine  whether  or  not  the  preced- 
ing regular  singular  points  are  elementary  singular  points. 

Assume  a  solution  of  equation  (2J^'5)  In  a  neighbor- 
hood of  w  =  0  to  be  of  the  form: 

(291)  u(w)  =  CqW^  +  ciw^"^!  +  •••  +  CrW^"^r  +  •••;  Cq  =1=  0. 
Differentiate  equation  (291)  with  respect  to  w  to  ^et: 

(292)  u'(w)  =  CqXw^"1  +  C3l(X+1)w^  +  ••• 

+  Cj,(X+r)w^"*'^-^  +  •••  . 
Differentiate  equation  (292)  with  respect  to  w  to  get: 

(293)  u"(w)  =  CoX(X-l)w^-2  ^   c-l(X+1)(X)w^-1  +  ••• 

+  Cj,(X+r)(X+r-l)w^'^^-2  +  ...  . 
Substitute  equations  ( 29I)  -  (293)  into  equation 
(285)  and  equate  the  coefficient  of  w^  to  zero  to  get  the 
following  indlcial  equation: 
(29^)    -CqX(X-I)  -  CoX(l+a+p-6)  -  o^a^v   =  0. 
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Solving  equation  (29^)  for  X,  gives  us : 
X-j_  =  (5-a-p-R)/2,  and 
X2  =  (6-a-p+R)/2,  where 

R  =  /(S-a-p)^  -  i+app  . 
We  note  that  Xo  -  Xt  =  R  ^  1/2;  therefore,  w  =  0  Is  not  an 
elementary  singular  point  of  equation  (2^'^). 

In  order  to  Investigate  whether  or  not  V7  =  1  Is  an 
elementary  singular  point  of  equation  (2^5),  we  first  make 
the  variable  change  v  =  w-1.   Equation  (2^5)  then  becomes; 

2 

(295)  v(v+l)^  ^  +  [v^d+a+p)  +  v(l+a+^  +  5)  +  6]|ii 

dv2  dv 

+  ap(v+l-p)u  =  0. 
We  now  assume  a  solution  of  equation  (295)  in  the 
form  given  by  equation  (291)  with  w  replaced  by  v,   V/e  then 
replace  w  by  v  In  equations  (292)  and  (293) i  then  substitute 
these  three  replaced  equations  Into  equation  (295),  and 
equate  the  coefficient  of  v  ^^  to  zero  to  get  the  following 
indlclal  equation: 

(296)  CqX(X-I)  +  CqX6  =  0,  hence 

X  =  0,  1-5. 
These  are  the  exponents  at  v  =  0.  But  v  =  0  Implies  w  =  1, 
which  further  Implies  z  =  1,  since  we  have  chosen  a  =  0. 
Therefore,  the  above  values  of  X  are  the  exponents  at  z  =  1. 
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Prior  to  investigating  whether  or  not  infinity  is 
an  elementary  singular  point  of  equation  (2S5),  we  make  the 
variable  transformation  v  =  1/xv.  The  differential  equation 
resulting  frora  this  transforiiation  follows  iraaediately  from 
equations  (2^^)  -  (290),  thus; 

dv*^    v   vu-v;    1  -  V  dv   ^2q_^) 

Equation   (297)    may  be  written  as   follows; 

p 

(29S)        v^d-v)^  +   [2v(l-v)    -  v(l+a+p)    +  v^d+a+p-fi )  ]|ii 
dv2  dv 

+  a3(l-pv)u  =  0. 

As  before,  we  replace  w  by  v  in  equations  (291)  - 
(293) »  substitute  into  equation  (29^),  then  equate  the 
ooefficlent  of  v'*^  to  zero  to  obtain  the  following  Indlclal 
equation; 

(299)    CqX(X-I)  +  CQX(2-l-a-p)  +  c^ap  =  0. 
Solving  equation  (299)  for  X   gives  us; 

X]_  =  a;    X2  "^  ^• 
Evidently  X2  ~  -"^i  ~  3  -  ci  ^  1/2;  therefore,  v  =  0  Is  not  an 
elementary  singular  point  of  equation  (29^),  which  Implies 
that  Infinity  is  not  an  elementary  singular  point  of  equation 
(225). 
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Since  there  are  no  elementary  singular  points,  three 
regular  singular  points,  and  no  Irregular  singularities  of 
equation  (2^5),  we  classify  It  as  an  equation  of  the 
[0,3,0]  type. 

We  vjlll  now  Investigate  Case  II,  that  Is,  h  =  2, 
m  =  0. 
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Case  II:  h  =  2:  m  =  0 
In  equation  (ICU),  we  let  J  =  2,  h  =  2,  and  m  =  0, 
then  equate  the  result  to  the  right  member  of  equation  (273). 
thus  obtaining  the  following  identity; 

(300)  P2(w)  =  b^w^  -  T2W^  =  vj^  +   w3(3b-a-l) 

+  w2[(2b-l)(2b-a)-b2] 

+  w(b) (b-l)(b-a). 
Equating  coefficients  of  like  powers  of  w  in  both  members  of 
the  above  identity,  gives  us  the  following  set  of  equations: 
(i)   T2  =  -1, 
(ii)   Sg  =  (2b-l)(2b-a)-b^, 
(iii)   3b-a-l  =  0,  and 
(iv)   b(b-l)(b-a)  =  0. 
From  equations  (ii)  -  (Iv),  we  have  the  following  set  of 
values  for  b,  a,  and  S^: 

b  =  0;    a  =  -1;    S2  =  -1, 
b  =  1;    a  =  2;     S2  =  -1,  and 
b  =  a;    a  =  1/2;   S^  =   -lA. 
Of  the  above  values,  we  choose  b  =  0,  a  =  -1,  and  S2  =  -1, 
so  that  equation  (300)  becomes: 

(301)  P2(w)  =  w^  -  w2. 

In  order  to  compute  Pq_(v?)  ,  vje  let  J  =  1,  h  =  2, 
and  m  =  0  in  equation  (10^),  then  equate  the  result  to  the 
right  member  of  equation  (27^),  to  obtain  the  following 
identity: 
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(302)  P3_(w)  =  S-|_w  -  T^w^  m  AjVi^   +  vi^iJiA^h+A^) 

+  w(3A-Lb^+2A2b+A^) 
+  (A]_b^+A2b^+ATb+Ai^)  . 
Eqiiatlng  coefficients  of  like  powers  of  w  In  both  members 
of  Identity  (302),  gives  us  the  follov;ing  set  of  equations; 
(1)   T-L  =  -A-L, 
(11)   S^  =  3A^b^+2A2b+A^ , 
(ill)   3A-Lb+Ap  =  0,  and 
(iv)   A3^b^+A2b^+A,b+A||  =  0. 
Referring  to  equations  (2)  -  (5),  and  remembering  that 
b  =  0,  a  =  -1,  the  above  equations  become; 
T-L  =  -(l+a+3), 
S-L  =  -(7+n), 
6  =  € ,  and 
Au   =  -aby  =  0. 
Equation  (302)  now  becomes; 

(303)  Pi(w)  =  (l+a+0)w3  _  (y+t])w. 

We  novr  compute  p  (w)  ,  by  letting  j  =  0,  h  =  2, 
and  m  =  0  in  equation  (10^)  .   V/e  then  equate  the  result  to 
the  right  member  of  equation  (27*:),  thus  obtaining  the 
following  identity: 
(30^+)    Po(w)  =  ^o  -  '^o^^  =   Biw2+w(2B-Lb+B2)  +  (B^b^+Bpb+B^)  , 
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Again  we  equate  the  coefficients  of  like  pov:ers  of  w  in 
both  members  of  the  above  Identity  to  obtain  the  following 
set  of  equations; 

(1)   To  =  -B-L, 
(11)   Sq  =  B^b^+Bjb+B^ ,  and 

(ill)   2B-Lb+32  =  0. 

From  equation  (ill)  we  note  that  82=0,  since  we 
have  previously  chosen  b  =  0.   This  implies  from  equation 
(7)  that  p  =  -q,  since  aP  4=  0.  Again  from  equations  (1)  and 
(11)  above,  and  also  from  equations  (6)  -  (g),  we  deduce 
the  following  values  for  T^  and  Sq.- 

Tq  =  -ap,  and 

Sq  =  -app2. 
Substitution  of  these  values  for  T^  and  S^  into  equation 
(30^),  gives  the  following  expression  for  Pq(w) ; 

(305)  PqM    =  a0(w2-p2). 

Substituting  equations    (301),    (303),    end   (305) 
into  equation   (269),   gives  us   the   following  differential 
equation; 

(306)  w2(w2-l)|ii  +   [(l+a+0)w3   -   (Y+Ti)w]|ii  +  a0(w2-p2)u  =  C. 

dw  dw 

Equation  (306)  is  the  result  of  applying  Scheffe's  criteria 
to  equation  (276),  vihere  h  =  2,  m  =  0.   We  chose  b  =  0, 
a  =  -1,  and  q  =  -p.   Other  choices  of  a  and  b  vrill  produce 
other  confluent  differential  equations.  Althoiigh  we  will 
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not  classify  equation  (306),  we  mention  that  it  can  be 
classified  in  a  manner  similar  to  that  used  to  classify 
equation  (2^5) . 

We  will  investigate  next  Case  III,  that  is,  h  =  3, 
ra  =  1. 


207 


Case  III:  h  =  3r  m  =  1 
In  equation  (104),  we  let  J  =  2,  h  =  3,  and  m  =  1. 
We  then  equate  the  result  to  the  right  member  of  equation 
(273)  thus  obtaining  the  following  identity; 
(307)   P2(w)  =  S^w  -  T2W^  =  w'^  +  w3(3b-a-l) 

+  w2[(2b-l)(2b-a)-b2] 
+  w(b)(b-l)(b-a) . 
Equating  coefficients  of  like  powers  of  w  in  both  members 
of  the  above  identity  gives  us  the  following  set  of  equations 
(1)  T2  =  -1, 
(11)   S2  =  b(b-l)(b-a) , 
(111)   3b-a-l  =  0,  and 
(iv)   (2b-l)(2b-a)-b^  =  0. 
From  equation  (ill),  we  have  b  =  ^^-7—^.   Substitute  this 
value  of  b  into  equation  (iv)  to  get; 

[1  -  (2a+2)/3][a  -  (2a+2)/3]  -  [(a+l)/3]^  =  0,  or 

2 
(l-2a)(a-2)  -  (a+1)   =  0,  which  simplifies  to 

a^  -  a  +  1  =  0. 

The  solution  of  this  equation,  in  conjunction  with 
the  equation  b  =  (a+l)/3,  gives  us  the  following  set  of 
equations: 

'  ai  =  -w^;  bi  =  (l-u^)/3, 

(30^)-^  a2  =  "i^;  ^2  ^   (l-w)/3,  where 

l+w+(j^  =  0,  <j  =  (-l+l\/3)/2,  and  1^  =  -1. 
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Other  combinations  of  a  and  b  needed  are  readily  deduced, 
thus ; 


b2+a2  =  ( 3-21^/1") /3,  and 
b|  =  -l\/3/9. 


b-^aj^  =  l>^/3; 
(309)  \   V^i  =  (3+2i;/3)/3; 
b^  =  Ia/3/9; 

p  2 

We  will  choose  a-j^  =  -u   ,   b-j^  =  (l-u  )/3,  and  hence 

we  can  deduce  a  value  for  Sp  from  equation  (11),  thus  : 

So  =  bT(b,-l)b,-aT) 


'l'"l 


1^1- 


=  b-j^(b-j^-a]^b-j_-b-L+a]_)  ,  or 

■?    2  2 
So  =  b< -a,  b-j^-b^+a^b^ . 

From  equations  (309),  this  simplifies  to 
Sg  =  bJ-b^(a-L+l)  +  a]_b-j_ 

=  b^-3b^+a  b^,  since  a  +1  =  3b^.  Then 
Sp  =  a-jb-,  -  2b^, 

=  (l>/3/3)  -  (21\/J/9),  or  finally, 

S2  =  l^/3/9. 
Equation  (30?)  now  becomes: 
(310)    v^M    =  w^  +  (lvT/9)w. 

To  compute  p-i(vr)  ,  we  set  J  =  1,  h  =  3»  ^^^   m  =  1 
In  equation  (104-).  V/e  then  equate  the  result  to  the  right 
member  of  equation  (27^),  to  obtain  the  following  identity 
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(311)  P-l(w)  =  S-l  -  T3_w3  =  A3_w3  +  w2(3A^b+A2) 

+  w(3A^b^+2A2b+A,) 

+  (A-j_b^+A2b^+A-zb+Ai^)  . 

Equating  coefficients  of  like  pox-^ers  of  w  In  both  members 
of  the  above  Identity,  we  obtain  the  following  set  of 
equations ; 

(1)   T^  =  -A-L, 
(11)   S-|_  =  A;j_b^+A2b^+A^b+A||, 
(111)   3A]^b+A2  =  0,  and 
(Iv)   3A]^b^+2A2b+A,  =  0. 

Prom  equations  (11)  -  (Iv),  we  easily  deduce  that 
A2b+A-z  =  0,  and  hence  that  S^^  =  A-^h'^+Ai^.     We  note  from 
equations  (2)  -  (R)  that  A,  =  l+a+p,  and  A^^  =  -ab7.   Also 
from  equations  (309)  we  have  a  b  =  1^^3/3 »  ^^nd  b:r  =  l\/3/9. 
Thus  we  finally  have  for  T,  and  S,  : 

T^  =  -d+a+p)  ,  and 

S^  =  (l\/3/9)(l+a+0)  -  (ivT/3)7. 

Equation  (311)  no^v  becomes; 

(312)  p^(w)  =  (l+a+3)w^  +  (l\/3/9)(l+a+3)  -  (1v1"/3)y. 

Finally  v;e  compute  Pq(w)  from  equation  (10^)  by 
letting  J  =  0,  h  =  3»  and  m  =  1.  Then,  as  we  have  done 
previously,  we  equate  the  result  to  the  right  member  of 
equation  (275),  thus  obtaining  the  following  Identity; 
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(313)    Po(w)  =  S^w-l  -  Tqw2  5  B^v;2+  w(2B^b+B2) 

+  ( B-Lb^+B^b+B-^ )  . 

Equating  coefficients  of  like  powers  of  w  In  both  members 
of  the  above  Identity,  gives  ub  the  following  set  of 
equations; 

(1)   T^  =  -Bi, 
(li)   Sq  =  0, 
(111)   2B3_b+B2   =  0,  and 
(Iv)   B-^b^+Bgb+B-z  =  0. 

From  equation  (6),  B^  =  ap,  hence  Tq  =  -ap,  and  equation 

(313)  J^ow  becomes; 

(31^)   Po(w)  =  apw^. 

Substituting  equations  (310),  (312),  and  (31^)  Into  equation 

(269),  gives  us  the  following  differential  equation; 

2 
(31^)        w(w3+i\/3/9)^  +   [(l+a+3)w5  +(l^/3/9)(l+a+p) 
dw"^ 

-    (l\/3/3)7]|^  +  apw^u  =  0. 

Prior  to  solving  equation  (315),  we  will  first 
show  the  following: 
(316)    l  +  a+  p-37  =  T). 

A  rather  Important  by-product  of  the  computation  of  S-, 
from  identity  (311)  was  the  following  equation; 
(316)   A2b  +  A,  =0. 
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Substituting  the  values  of  A2  and  A^,  from  equations  (3) 
and  {k)    into  equation  (316)  yields: 
(317)   b[(l+a+3)(l+a+b)  -  ae  -  bt]  -  6] 

=  [ab(Y+6)  +  a(Y+T])  +  b(7+€)]. 
But  we  recall  from  equation  (307  ill)  that  b  =  (a+l)/3, 
hence  substituting  Into  equation  (31?)  and  rearranging 
slightly  gives  us; 

(l+a+p)[l+a+(a+l)/3]  -  ae  -T][(a+l)/3]  -6 
=  3(7+5)  +  (a/b)(Y+Tj)  +  (T+e). 
Simplifying  the  above  we  get; 

(l+a+3)[(l;+i^a)/3]  -  e(a+l)  -  Ti[(a+l)/3]  -  TCa+D+fiCa+l) 
=  (a/b)(7+r)). 
Again  we  recall  that  b  =  (a+l)/3,  so  that  the  last  written 
equation  now  becomes,  upon  slight  rearrangement: 

(3b)(l+a+3-e-6-7-Ti)  =  -2b^  +  (f-,/b)  (Y+t^)  -  b(l+a+p). 
Now  from  equation  (12)  in  Chapter  V,  we  saw  that 
( l+a+3-€-6-7-Ti)  =  0;  therefore,  the  above  equation  becomes: 

b(l+a+p)  +  2\)T]  =   (a/b)(Y+T]). 
Multiply  both  members  of  this  equation  by  b  ,  and  rearrange 


slightly  to  obtain; 

b^(l+a+p)  -  abY  =  Ti(ab-2b^). 


We 


3  _ 


now  observe  from  equations  (309),  that  b^  =  lv'J/9, 


a,b,=  lvT/3»  hence  substitute  above  to  get  the  follov^lng 
equation; 
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(l\/3/9)(l+a+3)  -  (iA/3/3>Y  =  nl^(ivT/3)  -  2(lvT/9)],  or 
(31g)   (lA/3/9)(l+a4  3)  -  (iv^/})-/  =  Ti(i\/3/9). 
Division  of  both  members  of  equation  (3IS)  by  (lv'3/9)  gives 
us  equation  (316). 

Equation  (315)  can  now  be  v;rltten: 

2 
(319)   w(w3+iv^/9)^^Ji  +  [(l+a+p)w3  +  (1\/3/9)ti]—  +  apw^u  =  0, 

Equation  (319)  Is  the  equation  v/hich  we  will  now  solve.   It 

o 
was  derived  on  the  basis  of  our  choice  of  a-^   =  -w  ,  e-nd 

2 
b-  =  (l-w  )/3.   Other  choices  for  a  and  b  will  result  in 

other  non-confluent  differential  equations.  Further, 

equation  (319)  is  classified  in  the  notation  of  Ince  as  an 

equation  of  the  [0,5,0]  class,  since  the  regular  singular 

points  are  distinct  non-elementary  singular  points,  also  it 

contains  no  irregular  singular  points. 

We  now  assume  a  solution  of  equation  (319)  in  the 

form  given  by  equation  (1^) .  Differentiate  equation  (IS) 

with  respect  to  w  to  get  equation  (19),  then  differentiate 

equation  (19)  with  respect  to  w  to  get  equation  (20).  ^.e 

then  substitute  equations  {!&)    -  (20)  into  equation  (319). 

The  resulting  equation  follows ; 
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(320)  w(w3+1v/3/9)[CqX(X-1)w^-2  +  c^(X+3)(X+2)i/'^^  +  ••• 

+  C3p(X+3r)(X+3r-l)w^'^5''-^ 

+  C3^3(X+3r+3)(^+3r+2)w^"^3r+l  +  ...] 

+  [(l+a+p)w5  +  (1\/3/9)ti][CoXw^-1  +  C3(X+3)w^'^^  +  ••• 
+  C3^(X+3r)w^"'3r-.l 

+  C3^3(x+3r+3)w^''^'^^  +  ..•] 

+  (apw2)[cQW^  +  C3w^"^^  +  ..•  +  C3j.w^'^^^ 

+  C3^3W^-'3r+3  +...]=  0;  Co  =^  0. 

The  Indiclal  equation  Is  found  by  equating  the  coefficient 
of  w  -^  to  zero,  thus; 

(321)  CqX(x-i)(W3/9)  +  CQXTl(l^/3/9)  =  o. 

Solving  equation  (321)  for  X,  yields  the  following  expression 

(322)  X-L  =  0;    x^  =  1  -  n. 

These  are  the  exponents  at  w  =  0,  that  Is,  at  z  =  b.   This 
verifies  our  choice  of  exponents  at  z  =  b. 

To  obtain  the  desired  two  term  recurrence  equation, 
we  equate  the  coefficient  of  w  ^    to  zero,  thus; 

(323)  C3j,(X+3r)(X+3r-l)  +  (  1\/5/9)c3j^3(  X+3r+3)  (  X+3r+2) 

+  (l+a+3)(c3j,)(X+3r)  +  (l\/3/9)  (n)  (03^^.3)  (  X+3r+3) 
+  apC3j,  =  0. 
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Solving  equation  (323)  for  0-,^,^-^  yields; 

(324)  c     =  -r(X-Hr)(X-H3r-l)  ^   ( X-H3r)  (l-^a-^p)  -^  ag] 
^"^^   (l\/3/9)C(^+3^+3)(^+3r+2)  +ri(^+3r+3)] 

Upon  slight  simplification,  equation  (32'-t-)  can  be  written 

as  follows; 

^>d^)   o^^j^  (X+3r+3)(X+3r+2+Ti)   °3r- 

Equation  (325)  is  the  desired  form  of  the  two  term  recurrence 

equation. 

In  equation  (325),  we  Initially  set  r  =  0,  then 
we  have; 

(326)  c,  =  i^imil^^Khl^l 
^    3    (x+3)(^+3+^)   o- 

Next,  set  r  =  1  in  equation  (325)  to  get; 

=  (3i^/T)(X^^3-^a)(^-^3-^3) 
°6    (x+3+3)(x+3+2+^)   3- 

Substituting  equation  (326)  into  the  above  equation  gives 

us  c^  in  terms  of  c  ,  thus; 
6  o' 

(,o7^  e.  =  (  3i\/3)  ^(  ^-^a)  (  X-^a+3)  (  X+B)  (  ^-^B-^3) 

^  '   6    (x+3)(x+3+3)(x+2+n)(x+2+n+3)  °* 

Finally,  letting  r  =  n  -  1  in  equation  (325)  gives  the 
following  equation; 

(32g)  c   =   (^iA/T)"(X->-a)  '"(X-^a+3n-3)(X->^B)♦'•(X+p-^3n-^) 

3n   (x+3)(x+3+3)...(x+3+3n-3)(x+2+T])---(x+2+ii+3n-3)  ° 
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Dividing  numerator  and  denominator  of  equation  (32S)  by 
3      ,    gives  us  the  following  version; 

(31-/3)"(^)---(^n-l)(^---(^n-l) 

f-7pq\  «    =  2 ^ 2 2 c 

(-y^)(-J^l)  •••(-J^n-1)(-^ ^)**-( — J-^n-1) 

We  now  write  a  solution  of  equation  (319)  In  the  form: 

CO 


(330)  u(w)  =  c  w^fl  +  I  (c.  /c^)w3"| 

L   ^=1       J 


Now  for  X  =  0,  we  can  substitute  equation  (329)  into  (330) 
thus  obtaining  the  following  solution  to  equation  (319)  •' 


(331)  u^(w)  =  K-L 


-  ^  ^    (3iv/3)"(t)---(^n-l)(f)>--(ffn-l)^^,q 
n-1         nl(^)(^l)-..(^n-l) 


Again  we  recall  the  expression  for  the  hypergeoraetric  func- 
tion as  given  by  equation  (S4),  and  we  set  up  the  following 
correspondences ; 

a  =  a/3;    c  =  (2+ti)/3, 

b  =  p/3;    z  =  31vTw^. 
V/e  now  write  equation  (331)  in  terms  of  hypergeometric 
functions,  thus: 

(332)  u^(w)  =  K^F[a/3,  3/3;  (2+n)/3;  3^^]. 
Finally,  we  recall  that  w  =  z  -  b,  hence  we  let 

u-,(z)  =  u,(z-b),  so  that  equation  (332)  becomes; 

(333)  u^(z)  =  K^P[a/3,  p/3;  (2+n)/3;  3i>/3(z-b)^]. 
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We  now  let  X  =  1  -  t^  ,  so  that  equation  (329)  becomes; 

(3iV3)"(i^)  •  . -(i^^n-l)  (i=n±^)  .  .  •(i^:^n-l) 
nl(^)(^l)---(^n-l) 

Substituting  equation  (33^)  into  equation  (331)  with 
X  =  1  -  ri  gives  us  the  following  equation; 

(335)  U2(w)  =  K^vr'-'Td+S),  where 

oo(3i^/3)"(^)•••(^=^n-l)(i^)...(i=f^n-l)  , 
S  =  Z  2 i 2 2 ^3n 

"=^         nl(^)(^l)...(^n.l) 

Again  we  see  that  equation  (33"^)  is  expressible  in  terms  of 
the  hypergeometric  function,  if  we  first  establish  the  follow- 
ing correspondences; 

a  =  (l-Ti+a)/3;        c  =  {^'T])/J>, 

b  =  (l-ri+p)/3;        z  =  3ivTw3. 
Subject  to  these  correspondences,  equation  (335)  becomes; 
^33-)  U2(v,)  =  K2wl-V[i^.  i=p;  ^;  3i'^w3]. 

Again,  Up(w)  =  U2(z-b)  =  U2(z),  hence  replacing  w  by  (z-b), 
gives  us  equation  (336)  in  its  desired  form,  thus; 

(337)  U2(z)  =  K2(z-b)^-^F[l=n±2L,  Iz^.   ^.    31>/3(  z-b)^] . 
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A  general  solution  of  equation  (319)  is  a  linear 
combination  of  equations  (333)  and  (336),  thus: 

(33g)  u(z)  =  K3_F[a/3,  3/3;  (2+Ti)/3;  31\/3(z-b)^] 

+  K2(z-b)l-^P[i=^.  i=^;  ^.  3l'/3(z-b)^]. 

In  equation  (33?5)  we  note  that  t]=|=  1  1  3n;  (n  =  1,2,...). 

It  can  be  shown  by  the  ratio  test  that  the  solution 
of  equation  (319)  as  given  by  equation  (33"')  is  absolutely 
convergent  In  the  open  disk 

Iz-bl  <  ^-TT.  that  is,  jz-bj  <  ^. 

I31v^l^/^  ^ 

?  ? 

We  chose  b,  =  (1-u  )/3  and  a,  =  -u  ,  so  that  the  solution 

denoted  by  equation  (33^)  is  absolutely  convergent,  provided 

|z  -  (l-(.^)/3l  <  ^. 

v;e  will  now  apply  Scheffe's  criteria  to  equation  (1), 
and  Investigate  a  solution  of  the  resulting  equation  In  a 
neighborhood  of  Infinity. 
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Solution  In  a  Neighborhood  of  the 
Singular  Point  at  Infinity 

In  order  to  apply  Scheffe's  criteria  to  equation 
(1)  and  Investigate  a  solution  of  the  result  in  a  neigh- 
borhood of  infinity,  we  initially  make  the  following  vari- 
able transformation; 
(339)   z  =  lA^-. 

We  will  then  substitute  equation  (339)  into  equation  (1), 
along  v;ith  appropriate  derivatives,  apply  Tcheffe's  criteria 
to  the  result,  and  then  investigate  a  solution  of  the  result- 
ing differential  equation  in  a  neighborhood  of  v;  =  0. 

From  equation  (339).  we  deduce  the  follo^^/in,^,  useful 
equations : 


/7)i^\    ^^   du  dz  ,     dz    T  /  2 

(3^0)   ^  =  ^•^,  where  ^  =  -1/w  . 

Vie  also  have 

(,ljl)   l!ll  =  ail.d!z   dfu.fdil^  „here 

^  =  S/w3. 
dw2 

Equations  (3^0)  and  (3'*-l)  novj  become; 

,  c  dz         ,2 

dw  dz 
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Solving  equations  (3^2)  and  (3^13)  for  ~  and  ^, 


dz 


dz' 


respectively,    gives  us   the   following  equations 
O'^)        ^  -  -"^  %.   aBd 


dw' 


V/e  nov;  substitute  equations  (339),  (3^^),  and 
(3U5)  into  equation  (1)  to  get  the  following  equation, 

(3^6)   (^)(^  -i)(i  -a)(^  -b)[w^  0  -h  2w3  fg] 

,2  du 


ri  ^2  A3 

w3    w2    w     4- 


-\y' 


dw 


B-L   B2 
|w2    w     3 


u  =  0. 


Multiplying  both  members  of  equation  (3^6)  by  w^,  gives 
us  the  following  equation; 


2 
(3^7)    w2(i-w)(l-aw)(l-bw)^ 


dw' 


+  [2w(l-w)(l-aw)(l-bw)  -  A,w-A^w2-A-,w3-A,,w^]4ii 

L       d         3    ^   dw 

+  (B^+B2W+B^w^)u  =  0. 

Equation  (3^7)  3iay  be  reduced  to  the  following  form 
after  some  algebraic  manipulation: 
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2 
(3^S)    [abw5  _  w^(a+b+ab)  +  w5(a+b+l)  -  w^]^ 

+  [w^(2ab+A^.)  -  w3(2a+2b+2ab-A^) 

+  w2(2a+2b+2+A^)  -  w(2-A^)]|ii 
d  -1-  dw 

-  [B^w2+B2W+B-j^]u  =  0. 
We  now  vjrite  equation  (3^^°^)  as  follows; 

(3^9)     P2^^)f;;2  ■"  Pi^^^d^  ■"  Po^'^^^  =  °' 


where  vre  note  that 

(350)  P2(w)  =  abw5  -  vr^(a+b+ab)  +  w3(a+b+l)  -w^, 

(351)  p^(w)  =  w^(2ab+Ai^)  -w3(2a+2b+2ab-A^) 

+  w2(2a+2b+2+A2)  -w(2-A^),  and 

(352)  Pq(w)  =  -[B-5w2+B2W+B;j^]. 

We  v;lll  now  use  Scheffe's  criteria  In  the  form  of 
equation  (10^).   Initially  we  let  J  =  2,  then  equate  the 
result  to  the  right  member  of  equation  (350)  to  obtain  the 
following  Identity; 

(353)  P2(^'-)  =  S2w2-^  -  T2W^"^2-™  =  abw5-w^(a+b+ab) 

+  w3(a+b+l)-w2. 
Prior  to  completing  the  application  of  Scheffe's 
criteria  to  equation  (3^;?),  we  will  Justify  the  restriction 
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given  by  equation  (1^).  Thus,  In  equation  (353)  we  assume 

T^  =  0.  Then  2  -  ra  =  5,  and  we  are  led  to  the  following 
set  of  equations  from  Identity  (353): 
(1)   S2  =  ab, 
(11)   a+b+ab  =  0, 
(111)   a+b+1  =  0,  and 
(Iv)   -1  =  0. 
This  obvious  Inconsistency  leads  us  to  the  conclusion 
T2  +  0. 

Again,  In  Identity  (353),  we  assume  3^  =  0. 
Then  h  +  2  -  m  =  5,  and  upon  equating  the  coefficients  of 
like  powers  of  w  In  both  members,  we  obtain  the  following 
set  of  equations; 

(1)   T2  =  -ab, 
(11)   a+b+ab  =  C, 
(111)   a+b+1  =  0,  and 
(Iv)   -1  =  0. 
Prom  these  equations  we  conclude  that  S^  4"  0»  aiid  hence 
S2T2  =1=  0  so  that  the  restriction  given  by  equation  (1^) 
Is  satisfied. 

From  equation  (353)  we  note  that  h+2-m>2-m 
since  h  Is  a  positive  Integer.   Also  h  +  2  -  m  =  5,  other- 
wise ab  =  0  which  Implies  a=0,  orb=0,  ora=b=0, 
and  Immediately  we  have  a  differential  equation  with 
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Case   I: 

h  =  1 

Case   II: 

h  =  2 

Case  III: 

h  =  3 

confluent  singular  points.   The  equation  h  -  m  =  3  leads 
us  to  an  investigation  of  the  following  possible  values  of 
h  and  m: 

m  =  -2, 

ra  =  -1,  and 

m  =  0. 

V/e  will  nov/  demonstrate  exhaustiveness  of  the  above 
set  of  cases.   Obviously  m  >  -2,  otherwise  h  is  an  integer 
less  than  unity,  which  is  contrary  to  Scheffe's  criteria. 
We  recall  from  Chapter  VII  that  m  is  an  integer.   Also 
ra  <  0,  otherwise  we  have  from  equation  (353)  that  S2  =  0, 
which  is  contrary  to  previous  considerations.  The  above 
set  of  oases  is  thus  exhaustive. 

We  can  immediately  discai^  Cases  I  and  II  from 
consideration  as  follows:   Suppose  we  let  h  =  1  and  m  =  -2. 
Then  identity  (353)  becomes; 

S2w'^-T2w5  =  abw5-w^(a+b+ab)  +w3(a+b+l)  -w^. 
Upon  equating  coefficients  of  like  powers  of  w  in  both 
members  of  the  above  identity,  we  are  led  to  the  conclusion 
1  =  0  V7hen  we  equate  coefficients  of  w^.   Therefore,  we 
discard  Case  I.   In  a  similar  fashion  we  discard  Case  II. 
V/e  now  investigate  Case  III, 
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Case  III:  h  =  3;  m  =  0 
Let  j  =  2,  h  =  3  and  m  =  0  In  equation  (104),  then 
equate  the  result  to  the  right  member  of  equation  (350)  to 
get  the  following  Identity; 

(35^)  P2(w)  =  S2W^-T2W^  5  abw5-w^(a+b+ab)  +w3(a+b+l) -w^. 
Equating  coefficients  of  like  powers  of  w  In  both  members 
of  the  above  Identity  yields  the  following  set  of  equations; 
(i)   T2  =  -ab, 
(11)   S2  =  -1, 
(111)   a+b+ab  =  0,  and 

(Iv)   a+b+1  =  0. 
Solving  equations  (111)  and  (Iv)  simultaneously  gives 
us  the  following  equation; 
b^+b+1  =  0,  so  that 

b^  =  w  ;    a2  =  w  ,  where  u   =  ^^ — p — ^,  and  1^  =  -1. 


We  will  consider  the  following  values  of  a  and  b; 
a^  =  u     and  b,  =  w,  also  a^h-,  =  1.   Equation  (35^) 
now  becomes ; 

(355)  P2(w)  =  w5  -  w2. 

Again  In  equation  (10^0  we  let  J  =1,  h  =  3,  and 
m  =  0  to  get; 

(356)  p-l(w)  =  S-j_w^-T^w^  =  w^(2ab+Aq.)  -w3(2a+2b+2ab-A,) 

+  w2(2a+2b+2+A2)  -w(2-A^). 
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Equating  coefficients  of  like  powers  of  w,  we  get  the 
following  set  of  equations: 

(1)   T-L  =  -(2ab+Ai,.), 
(11)  S^  =   A-L-2, 

(111)   A,-(2a+2b+2ab)  =  0,  and 
(Iv)   2a+2b+2+A2  =  0. 
We  recall  that  a-,b,  =  1,  so  that  T,  =  -(2+Ai^).  In  conjunc- 
tion with  equations  (2)  -  (5),  we  have  the  following  values 
for  T^  and  S-j^ : 

T^  =  -(2-7),  and 

S  =  a+3-1. 
Equation  (356)  now  becomes; 
(357)    Pi(w)  =  (2-7)w^  +  (a+3-l)w. 

Finally,  to  compute  Pq(w) ,  we  let  j  =  0,  h  =  3, 
and  m  =  0  In  equation  (104)  and  equate  the  result  to  the 
right  member  of  equation  (352) ,  thus  obtaining: 
(35g)    Pq(w)  =  Sq-Tqw3  =  -B^w^-B^w-B^ . 

Equating  coefficients  of  like  powers  of  vi   In  both  members 
of  the  above  Identity  gives  us  the  following  set  of  equations 

(1)   T^  =  0. 
(11)   Sq  =  -B-,_,  and 
(111)   Bj  =  0. 
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In  conjunction  with  equations  (6)  -  (S) ,  we  note 
that  Sq  =  -a p.   Equation  (35^)  ^ow  becomes; 

(359)  Po(w)  =  -ap. 

Substituting  equations  (35^),  (357),  and  (359) 
into  equation  (3^+9)  gives  us  the  following  differential 
equation : 

(360)  w2(w3-l)^^  +  [{2-y)vi^   +  (a+p-l)w]^  -  a^u  =  0. 

dw2  dw 

Equation  (360)  was  derived  by  letting  a,  =  u    ,   b,  =  u , 
and  from  equations  (7)  and  (353  ill),  p  =  -q.   The  other 
values  of  a  and  b  will  produce  another  differential  equation 
similar  to  equation  (360).   Since  the  singular  points  of 
equation  (360)  are  distinct,  regular,  and  non-elementary, 
we  classify  it  in  the  notation  of  Ince  as  an  equation  of 
the  [0,5,0]  class. 

We  will  nov;  solve  equation  (360). 

We  assume  a  solution  of  equation  (3^0)  to  be  of 
the  form  given  by  eqiiation  (IS),  and  we  expand  in  a  neigh- 
borhood of  w  =  0.   Differentiating  equation  (1?!)  we  get 
equation  (19),  and  differentiating  equation  (19)  gives  us 
equation  (20).   Substituting  equations  (13)  -  (20)  into 
equation  (360)  yields  the  following  equation: 


226 


(361)  w2(i^3_i)[c^X(X-l)w^-2  +  c^(X+3)(^+2)v;^+l  +  ••• 

+  c^^(X+3r)(X+3r-l)w^'^^^"^ 

+  c^^^(X+3r+3)(^+3i^2)w^'^5^^  +  •••] 
3r+> 

+  [(2-7)w^+(a+0-l)w][cQXw^-l+c^(X+3)w^"*'2  +  ••. 
+  C3^(X+3r)w^-'^^-l 
+  C3^3(X+3rH-3)w^"'^'*^^  +  •••] 

+  03^3-'""^^^  -^  "-^  =  0.-  °o=^0- 

Equating  the  coefficient  of  w^  to  zero  rives  us 
the  following  indlclal  equation: 

(362)  -CqX(X-I)  +  (a+3-l)(cQX)  -  apc^  =  0. 

Solving  equation  (362)  for  X  gives  us ; 

(363)  ^1  -   <i»  ^^^  ^2  ~  ^' 

This  is  a  verification  of  our  choice  of  exponents  at  v;  =0. 

To  obtain  the  two  term  recurrence  equation,  \-je 

equate  the  coefficient  of  w^'*"3^3  to  zero  in  equation  (36I), 
thus  : 

(36^)   C3^(x+3r)(x+3r-l)  -  c3^3(X+3r+3)  (^+3^+2) 

+  (2-y)(c^  )(X+3r)  +  (a+p-l)(c^  .^)(X+3r+3) 
3r  3i^> 

-apc^j^^  =  0. 
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Solving  equation  (36^)  for  c-,^.-,  gives  us; 

3^3   (x+3iH-3)(x+3r+2)  -  (X+3r+3)(a+p-l)+ap  3r' 

00^;  ^3r+3   (X+3r+3-ac)(X+3r+3-3)   3r- 

Set  r  =  0  in  equation  (365)  to  get; 

(366)  c,  =  ,  (M(X;i-T)    e^. 
'^  '  3   (x+3-Tc)(x+3-p)  o 

Set  r  =  1  In  equation  (365)  to  get; 

^,   =   (A-^3)(^-n-Y+3)   c, 
"-6   (x+3_ct+3)(x+3-^3)  3- 

Substitute  equation  (3^6)  Into  the  above  equation  to  get; 

^■^  "     6   (x+3.ct)(x+3-a+3)(A+3-3)(^+3-P+3)  °' 

To  generalize,  we  set  r  =  n  -  1,  thus  obtaining  from 

equation  (365) ; 

(,6g)  c   =  (^)(^-^3)•••(X^-3n-3)(X-H-Y)'•'(^-H-y^^3n-3)   ^ 
^     3n   (x+3-a)---(X+3-a+3n-3)(X+3-3)  •••(X+3-3+3n-3)   °* 

Dividing  numerator  and  denominator  by  3  ^  yields ; 

(^)  (^1)  •  •  •  (^n-l)  (^^)  (^^ii=^l)  •  •  •  (^ii=^n-l) 

(-t,(,q\    c    =  -^ ^ ^ ^ ^^ ^ ^ C 


22S 


V/e  now  write  a  solution  of  equation  (3^)  as  follows: 

(370)  u(w)  =  CqW^[1  +  Z  (c3ycQ)w5"]. 

n=l 

Now  from  equations  (363),  we  set  X  =  a  In  equations  (3^9) 
and  (370)  thus  obtaining; 

(371)  u^(w)  =  K^w^'d  +  S),  where 

s  -  "^  (T)(ri)-"(r"-iH-r-^)'-(-T-^n-i)  ^^3^ 

n=i   nl(2t=^^)(^=J2±ifl)..-(S:ie±ifn-l) 

Equation  (371)  can  be  expressed  In  terras  of  the 
hypergeometrlc  function  If,  upon  comparison  with  equation  (S^), 
we  Initially  make  the  following  correspondences: 

a  =  a/3;         c  =  (a-3+3)/3,  and 

b  =   (a-7+l)/3;  z  =  w^ . 

Subject   to  these  correspondences,   equation   (371)    becomes; 

(372)  ui(w)    =  KiW«F[|.   StzXtl;   a:i|ii.   ^3]. 

We  now  recall  from  equation  (339)  that  w  =  1/z, 
so  that  equation  (372)  becomes; 

u-j_(w)  =  u-]_(l/z)  =  u^(z),  or 

(373)  u^(z)  =  K^z-'^FCl,  5^;  ^=^;    z-3]. 
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Again  from  equations  (363)  we  let  X  =  3,  hence 
equation  (369)  becomes; 

Correspondingly,  equation  (371)  becomes: 


O' 


(375)  u  (w)  =  K  w^(l  +  S)  ,  where 


CO  (|)---(Vl)(^^)---(gT^n.l)    ,„ 
S  =  r  -2 2 2 2 „:Sn_ 

Again,  we  compare  equation  (37=^)  vrlth  equation  (^4),  and 
establish  the  following  correspondences: 

a  =  0/3;         c  =  0-a+3)/3,  and 

b  =  0-7+1) /3;    ."  =  w3. 
Subject  to  these  correspondences,  equation  (375)  can  be 
written  In  terms  of  the  hype rgeome trie  function,  thus: 

(376)  U2(w)  =  KpW^FCl,  ^=l±i;  ^-fti;  w3  ] . 

From  equation  (339)  we  have  w  =  1/z,  so  that  substitution 
Into  equation  (376)  yields; 

U2(w)  =  U2(l/z)  =  U2(z),  or 

(377)  U2(z)  =  K2Z-Pf[|.  ^;  2^;  z-3]. 
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A  general  solution  of  equation  (360)  Is  a  linear 
combination  of  equations  (373)  and  (377).  thus  we  have: 

(37^)   u(z)  =  K^z'^Fl^,   3^;  3z|ti;  z-3] 


^  Ko2--F[|.  ^■::Iii;  ^^;  z'^]. 


^2^-^Ky.  ^-y    ,        3 


In  equation  (37S)  we  make  the  restriction 
a=f3+3n,  (n  =  l,2,...).   Further,  v;e  observe  from  the 
ratio  test  that  equation  (37^0  is  absolutely  convergent 
provided  \z\   >  1. 

In  order  to  extend  the  usefulness  of  Scheffe's 
criteria,  we  will  now  apply  it  to  equation  (1)  and  inves- 
tigate a  general  solution  of  the  resulting  equation  in  a 
neighborhood  of  an  ordinary  point  z  =  d,  where 
d  =1=  0,  1,  a,  b,  or  infinity. 
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Solution  In  a  Neighborhood  of  z  =  d, 
where  d=fo,  1,  a,  b,  oroo 

In  order  to  Investigate  a  general  solution  of 
equation  (1)  In  a  neighborhood  of  an  ordinary  point  z  =  d, 
we  Initially  make  the  following  variable  transformation; 
(379)    w  =  z  -  d,  or 
(3^0)    z  =  w  +  d. 

We  will  now  substitute  equation  (3^0)  Into  equation  (1) , 
apply  Scheffe's  criteria,  and  then  Investigate  a  solution 
of  the  resulting  equation  in  a  neighborhood  of  w  =  0. 

Substituting  equation  (3SO)  Into  equation  (1)  gives 

us  the  following  equation; 

,2 
(331)    (w+d)(w+d-l)(w+d-a)(w+d-b)S^ 

dw'^^ 

+  [A,  (w+d)^  +  A^(w+d)^  +  A-,(w+d)  +  Au^^ 
x  c.  y  ^   dw 

+  [B  (w+d)^  +  B2(w+d)  +  B,]u  =  0, 

where  A^^,  (1  =  1,2,3,^^),  and  B .  ,  (J  =  1,2,3),  are  given  by 
equations  (2)  -  (S).   Equation  (3^1)  may  be  written  as 
follows ; 
(3^2)   p2(w)^  +  P-l(w)^  +  Pq(w)u  =  0,  where 

(3^3)   P2(w)  =  (w+d)(w+d-l)(w+d-a)(w+d-b) , 

(324)   p^(w)  =  A^(wfd)^  +  A2(w+d)^  +  A,(w+d)  +  k^,    and 

(3^5)    Pq^^^^  "^   B^(w+d)^  +  B2(w+d)  +  B^. 
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A  general  solution  of  non-confluent  forms  of  equation  (3^1) 
is  contingent  upon  the  assertion  d=|=0,  1,  a,  b,  oroo. 

We  will  novi  demonstrate  that  the  restriction  im- 
posed by  equation  (1^)  is  satisfied.   Thus,  upon  applying 
Scheffe's  criteria  In  the  form  given  by  equation  (10^) 
with  w  =  2  -  d  and  J  =  2,  gives  us  the  follov/ing  equation: 
(3^6)    P2(w)  =  [S^  -  T2W^]w2-^. 

Equating  the  right  member  of  this  equation  to  the 
right  member  of  equation  (3^3)  ejid  assuming  Tg  =  0 ,  yields 
the  following  identity; 

(3^7)    S2W^"^  =  (w+d)(w+d-l)(w+d-a)(w+d-b) . 
Evidently  2  -  m  =  U,  otherwise  we  are  led  to  the  obvious 
Inconsistency  1  =  C,  when  we  equate  like  powers  of  w  in  the 
above  identity.   Hence  2  -  m  =  ^.  Now  equating  the  coef- 
ficients of  like  powers  of  w  in  both  members  of  the  above 
identity  gives  us  the  following  set  of  equations: 
(i)   S2  =  1, 
(11)   E^  =  0, 
(ill)   Ej  =  0, 
(iv)   E-L  =  0,  and 
(v)   d(d-l)  (d-a)  (d-b)  =  0,  where  E^^  are  the  coef- 
ficients of  w  ,  (1  =  1,2,3),  In  equation  (3^3).   Now  equa- 
tion (v)  requires  that  d  be  one  of  the  finite  regular  sin- 
gular points  contrary  to  the  assertion  d  ^1=  0,  1,  a,  b,  or  oo. 
We  therefore  conclude  that  T2  =|=  0. 
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Again  In  equation  (3S6),  v;e  assume  S2  =  0,  then 
equate  the  right  member  of  the  result  to  the  right  member 
of  equation  (3^3),  thus  obtaining  the  follov/ing  identity; 
(3gg)    -T2W^'^2~'^  =  (w+d)(vr+d-l)(w+d-a)(w+d-b). 
As  before,  we  note  that  h  +  2  -  m  =  ^.   Similarly,  we 
obtain  the  following  set  of  equations: 
(1)   T2  =  -1, 
(11)   E^  =  0, 

(ill)   E2  =  0, 
(iv)   E^  =  0,  and 
(v)   d(d-l)(d-a)(d-b)  =  0. 
By  previous  arguments  v^e  see  that  equation  (v)  is  not  valid, 
therefore  vie   conclude  that  S2  +  0.  Thus  S2T2  4=  0,  and  the 
restriction  given  by  equation  (lU)  is  satisfied. 

V/e  now  set  J  =  2  in  equation  (10^),  then  equate 
the  result  to  the  right  member  of  equation  (333)  to  obtain 
the  following  identity: 

(3^9)   P2(w)  =  S2w2"™  -  T2W^'^^"^  =  (w+d)(w+d-l)(w+d-a)(w+d-b), 
Now  since  h  is  a  positive  Integer,  then  h+2-m>2-m, 
and  h  +  2  -  m  =  ^.  Othennse  T2  =  0 ,  which  is  contrary  to 
previous  observations.  The  equation  h  +  2  -  m  =  ^  gives 
rise  to  the  follox\flng  cases  which  need  investigation: 
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Case 

I: 

h  =  1 

Case 

II: 

h  =  2 

Case 

III: 

h  =  3 

Case 

IV: 

h  =  k 

ra  =  -1, 

m  =  0, 

m  =  1,  and 

m  =  2. 

The  above  set  of  cases  Is  exhaustive,  and  may  be 
shown  as  follows;   h  >  1  Is  an  Integer,  therefore  m  >  -1 
is  an  Integer.  Also  h  >  4  implies  m  >  2,  hence  2  -  m  <  0, 
which  further  implies  from  Identity  (3?59)  that  S2  =  0. 
This  is  contrary  to  previous  observations,  v/e  therefore 
conolude  that  the  above  set  is  exhaustive. 

We  observe  in  identity  (3S9)  that  2  -  m  =  0,  other- 
wise d(d-l) (d-a) (d-b)  =  0,  which  violates  our  fundamental 
assertion  d  ^  C,  1,  a,  b,  or  00 .  We  then  immediately  con- 
clude that  Cases  I,  II,  and  III  are  beyond  the  scope  of 
this  study,  and  hence  we  investigate  Case  IV. 
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Case  IV:  h  =  ^.  m  =  2 
Set  J  =  2,  h  =  i|  and  m  =  2  In  equation  (10^),  then 
equate  the  result  to  the  right  member  of  equation  (3S3)  to 
get  Identity  (3S9).  From  this  Identity  we  have  the  folloi-/- 
Ing  equations  upon  equating  like  powers  of  vx  In  both  members 
(1)  T2  =  -1, 
(11)   S^  =  d(d-l)(d-a)(d-b), 
(111)   E^  =  0, 
(Iv)   E^  =  0,  and 
(v)   E^^  =  0. 
Substituting  equations  (1)  and  (11)  Into  equation  (3S6) 
gives  us  the  following  equation; 

(390)  P2(w)  =  w^  +  (d)(d-l)(d-a)(d-b). 

Again  In  equation  (10^<-)  we  let  J  =  1,  h  =  4-,  and 
m  =  2,  then  equate  the  result  to  the  right  member  of  equa- 
tion (3^^)  to  obtain  the  following  Identity: 

(391)  Pi(w)  =  S^w"^  -  T^w^  =  A^(w+d)^  +  A2(w+d)^ 

+  A,(w+d)  +  Ai^. 
Equating  coefficients  of  like  powers  of  w  In  the  above 
Identity  gives  us  the  following  set  of  equations; 
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(1)   T^  =  -A^, 
(11)   S^^  =  0, 
(111)  F^  =  0, 
(Iv)   F^  =  0,  and 
(v)   Fq  =  0, 
where  F^^,  (1  =  0,1,2),  are  the  coefficients  of  w^.   Substi- 
tuting equations  (1)  and  (11)  into  equation  (391),  and 
remembering  from  equation  (2)    that  A,  =  1+a+p,  gives  us 
the  following  equation; 

(392)  p-l(w)  =  (l+a+3)w3. 

Finally  we  compute  p  (w)  by  letting  J  =  0,  h  =  ^, 
and  m  =  2  In  equation  (10^),  then  equating  the  result  to 
the  right  member  of  equation  (3?'5).  thus  obtaining  the 
following  identity; 

(393)  Po(w)  =  SqW-2  -  Tqw2  =  B^(w+d)2  +  B2(w+d)  +  B^. 
Again  we  equate  coefficients  of  like  powers  of  v;  in  both 
members  of  the  above  identity  to  obtain  the  following  set 
of  equations : 

(il)   Sq  =  0, 
(ill)   2B^d+B2  =  0,  and 

(iv)   B^d^  +  B2d+B^  =  0. 
Again  from  equation  (6),  B,  =  ap,  hence  equation  (393) 
becomes; 
(39^)   Po(w)  =  apw^. 
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Substituting  equations  (390),  (392),  and  (39^1) 
Into  equation  (3^2)  yields  the  following  differential 
equation; 

(395)  [w^  +  d(d-l)(d-a)(d-b)]^  +  [(l+a+p)w3]|ii 

dw2  ^w 

+  apw^u  =  0. 
Equation  (395)  Is  the  equation  vje  wish  to  solve. 

Assume  a  solution  of  equation  (395)  in  the  for:c: 

(396)  u(w)  =  c^w^  +  cj;w^"^^  +  ..•  +  Ci^^w^+'+^ 

Differentiating  equation  (396)  v;lth  respect  to  w  gives  us  : 

(397)  u'(w)  =  CqXw^-^  +  Oj^(X+1)w^+3  +  ... 

+  Ci^^(X+ilr)w>^+^^-l  +  Ci^^+2^(X+i^r+'+)w^+^^3  +  •• 

Differentiating  equation  (397)  with  respect  to  w  yields; 
(39S)    u"(w)  =  CqX(X-1)w^-2  +  Ci^(X+i^)(X+3)w^"*'2  +  ••• 

+  Cj^^(X+l+r)(X+ilr-l)w^'^^^-2 

+  Ci^^i^(X+4rH-l^)(X+J|r+3)w^'^^^+2  +  ...  . 

Substituting  equations  (396)  -  (39^)  Into  equation  (395) 
gives  us  the  follovring  equation; 
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(399)    [w^  +  d(d-l)(d-a)(d-b)][c^X(X-l)w^-2 

+  Cj^(X+^)(X+3)w^"*"2  +  ••• 

4-r 


(X+i;r+l|)(x+l+r+3)w'^'*'^^^  + 


+  c,,  (X+Jlr)w 

+  Ci^i^l^(X+lliH-4)w^"'^^^  +  •••] 

We  obtain  the  Indiclal  equation  by  equating  the 
coefficient  of  w^~^  to  zero,  thus: 
(1^00)   CQX(X-l)(d)(d-l)(d-a)(d-b)  =  0,  c^  :|=  0. 
Solving  equation  (400)  yields: 
(^01)   X  =  0,  and  X^  =  1,  since  d  f  0,  1,  a,  b,  or  oo  . 

Similarly,  to  get  the  two  term  recurrence  equation 
we  equate  the  coefficient  of  w^"*"^^^  to  zero,  thus; 
(il02)   c,   .  (X+i+r+i+)(X+i<-r+3)(d)(d-l)(d-a)(d-b) 

+  C,  (X+J+r)(X+4r-l)  +  c,,  ( X+i+r)  (1+a+p) 
4-r  ^r 

+  Cj^^(ap)  =  0. 
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Solving  equation  (iK)2)  for  C|^^^.,  yields: 

^  -[(X+^r)(X+^r-l)  +  (^+^^)(l+a-^B)  +  oa  ] 
°^r+'^     (  X+l^r+l^)  (A+4r+3)  (d)  (d-1)  (d-a)  (d-b)    ^^ 

This  equation  may  be  simplified  to  the  following  equation; 


{^03) 


4-r+i+        (x+Ur+i^.)(X+Ur+3)(d)(l-d)(a-d)(b-d)  * 
Let  r  =  0   In  equation    (^3)    to  get; 


^^^'        Ci^  -    (x+l|)(x+3)((i)(l-d)(a-d)(b-d)* 
Again,    let  r  =  1   in  equation   (4-03)    to  get: 

(X+a+i4-)  (X+^U)  CI4. 


^+05)   c^  = 


'g   (X+i4-+4)(X+^+3)(d)(l-d)(a-d)(b-d) 
Substituting  equation  (kok)    Into  equation  (^S)  gives  us 
the  following  equation: 

(X+3L)(X+a+'+)(X+p)(X+p+i|)  Cq 

(lK)6)    Cc;  =  — -p- 

^   (  X+i+)  (  X+iJ-+4)  ( X+3)  (  X+3+i|)  [d(  1-d)  (a-d)  (b-d)  l'^ 

To  obtain  a  general  term,  we  let  r  =  n  -  1  in  equation  (403) 

to  get: 

(  X+a)  •  •  •  (  X+a+^n-iJ-)  (  X+  3)  •  •  •  (  X+p+iln-4)  [d(  1-d)  ]~   c^ 

(^7)    C),      =  — ^^ 

^^       (  X+U)  •  •  •  ( X+i++Un-J+)  ( X+3 )  •  •  •  (  X+3+l^n-4)  [  (a-d)  (b-d)  ] 

Dividing  numerator  and  denominator  of  equation  (^07)  by 

k       gives  us  the  desired  expression  for  C|^^. 

(2i+i)  .  .  .  (>^n-l)  (^)  •  •  •  (^n-1)  [d(l-d)  r\ 
^"^"^  '^^  ^  (^±i)...(>i±i.n-l)(^).--(^n.l)[(a-d)(b-d)f 
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A  general  solution  of  eqiiatlon   (39?)   can  now  be 

written; 

(1^09)    u(w)    =  cXCl  +     E     (c.   /Co)w'^^], 

n=l  •" 

where  C|,      Is   given  by  equation   (U-0J5)    above.     VJe  nov;  let 

X  =  0  from  equation  (^1)  ,    then  substitute  equation   {koB) 

into  eqiiation   (409)    to  get; 


(^10)    u^(v:)    =  K^ 


00 

1  +      E 


(^)--(^n-l)(g)---(^n-l)w^" 


n=l     n!  (|)  •  •  -(^^-n-l)  [d(l-d)  (a-d)b-d)  f 


Comparing  equation  (^10)  with  equation  i^^) ,   we  see 
that  u, (w)  can  be  expressed  in  terms  of  the  hype rgeo me trie 
function  if  we  first  establish  the  following  correspondences: 
a  =  TcA;    c  =  3A,  and 
b  =  pA;    z  =  wV[d(l-d)(a-d)(b-d)]. 


Equation  (^10)  now  becomes 
(i+11)  u-l{w)  =  K;lF  --  ^'  ^' 


1 


y    i|'  k'    d(l-d)(a-d)(b-d^* 
We  now  recall  from  eqxiation  (379)  that  w  =  z  -  d,  hence 
if  we  let  u^(w)  =  u-j^(z-d)  =  u-,(z),  then  equation  (Ull) 
becomes; 


(4l2)  u^[z)    =  K^F 


a  £.  i. 


(z-d) 


k-'   k'   14-'  d(l-d)(a-d)(b-d)J* 
We  now  let  X  =  1  in  equation  {ko&)  ,    then  substitute 
the  result  into  equation  (^09)  thus  obtaining: 
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(4l3)  U2(w)  =  Kgwd  +  S),  where 

n=l   n:(^)---(^n-l)[d(l-d)(a-d)(b-d)]" 

We  again  compare  equations  (4-13)  and  (gU)  and  note 
that  equation  (4-13)  can  be  expressed  in  terniB  of  the  hyper- 
geometrlc  function,  If  we  first  establish  the  following 
correspondences ; 

a  =  (l+a)A;     c  =  5A,  and 
b  =  (1+3)  A;     z  =  wVrd(l-d)(a-d)(b-d)]. 
Equation  (4-13)  then  becomes: 

k 


(4l4)  U2(w)  =  K2WF 


1+a  1+^.  5.. 


1|  '   14-  '  4'  d(l-d)(a-d)(b-d)_ 
Again  we  recall  from  equation  (379)  that  w  =  z  -  d, 
hence  U2(w)  =  Up(z-d)  =  U2(z).  Equation  (4l^)  can 


finally  be  written: 
(1|15)  U2(z)  =  K2(z-d)F 


l±a  1+a.  ^. 


IzzdJ 


i|.  '  k   '   1^'   d(l-d)(a-.d)(b-d)_ 

A  general  solution  of  equation  (395)  Is  a  linear 
combination  of  equations  (^12)  and  (4l5) ,  thus: 


2*4-2 


(!+l6)   u(z)  =  K^F 


a  i.  i.      (z-d) 

k'   k.'   1|'  d(l.d)(a-d)(b-d) 


+  KjCz-d)? 


k 


1+ 


2  1±L.  5..      (z-d) 
'   ^  '  K'    d(l-d){a-d) 


(b-d) 


1/^ 


v.'here  rL  and  Kp  are  arbitrary  constantP.   Equation  (^l6) 
Is  a  general  solution,  In  a  neighborhood  of  an  ordinary 
point  z  =  d,  of  the  equation  which  results  from  applying 
Scheffe's  criteria  to  equation  (1). 

From  the  ratio  test,  \-ie   observe  that  equation  (4l6) 
is  absolutely  convergent  If 

|z-d|  <  |d(l-d)(a-d)(b-d)| 

For  the  sake  of  convenience  we  will  now  rewrite 

equation   (1) . 

2 
(1)      z(z-l)(z-a)(z-b)^-ii  +    [A^z3+A2z2+A^z+Ai^]g 

dz 

+  [B  z^+B  z+B  ]u  =  0. 

This  may  be  written  In  the  form  of  equation  (9),  thus: 
2 


d'^u 
E  p.(z) J   =  0,  where 

J=0   ^    dzJ 


(9) 

(10)  pp(z)  =  z(z-l)(z-R)(z-b) , 

(11)  p^(z)  =  A-j^z^+ApZ^+A  z+Ai^,  and 

(12)  p^(z)  =  B^z^+B^z+B^. 

We  now  culT:lnate  this  study  by  stating  the  following 


theorem  which  we  have  proved  In  this  chapter 


p'+3 


J+2      , 
Theorem:   Let  p.(z)  =  I  C   z-"- ,  where  C   ,  (J  =  0,1,?), 
J      1=0    'J  ^ » J 

are  constants.  A  necessary  condition  for  non-confluent 

forms  of  the  differential  equation  Z  p.(z)'  ^^  =  0 

J=0   J     dz^ 

to  have  solutions  In  a  neighborhood  of  any  point,  v;hlch 

are  expressible  In  terms  of  hypergeometrlc  functions.  Is 

that  Scheffe's  criteria  be  applicable  to  p,(z). 


BIBLIOGRAPHY 

1.  M,  Bocher,  Ueber  die  Eelhenentwlokelungen  der 
Potential theorle .  Leipzig,  l&S'^, 

2.  A.  B.  Forsyth,  Theory  of  Differential  Equations, 
part  IV,  Cambridge,  1906. 

3.  G.  Frobenlus,  Ueber  die  Integration  der  llne- 
aren  Different lalglelchungen  durch  rlehen.  J.  Relne  Angew. 
Math.  vol.  7^  (1^73)'  PP.  21^-35. 

^.  K.  Heun,  Zur  theorle  der  Relmann'schen  func- 
tlonen  zvrelter  qrdnung  tnlt  vler  verzwelgungspiinkten .  Math. 
Ann.  vol.  33  (lgg9)  pp.~T^l-79. 

5.  E.  L.  Ince,  Ordinary  Differential  Equations. 
London,  1927 . 

6.  P.  C.  Klein,  Vorlesungen  ueber  llneare  Differ- 
entlalglelchungen  der  zwelter  Qrdnung.  G^ettlngen.  1^9'+. 

7.  T.  M.  MacEobert,  Functions  of  a  Complex  Variable 
^th  ed.,  London,  195^. 

g.  F.  H.  Miller,  Partial  Differential  Equations. 
New  York,  19^1. 

9.  J.  D.  Neff,  A  Study  of  Heun's  Differential 
Equation.  Dissertation,  University  of  Florida,  195^. 

10.  J.  E.  Papnerltz,  Ueber  verwandte  s-functlonen. 
Math.  Ann.  vol.  25  (lgS5)  pp.  212-21. 

11.  L.  Pochhammer,  Memoirs .  Math.  Ann,  vol.  35  (1^90), 

pp.  ^95-526. 

12.  G.  F.  B.  Rlemann,  Abhandlungen  der  Kt?nlgllohen 
Qesellschaft  der  wis  sens  chaf  ten  zu  Gtittlngen.  vol.  7  (1^57) . 

13.  H.  Scheffe,  Linear  differential  equations 
with  a  two  term  recurrence  formula .  J.  Math.  Physics  M.I.T. 
vol.  2lTr9^^^y~PP .  2'K)-4-9. 

1^.  E.  T.  Whlttaker  and  G.  N.  Watson,  A  Course 
of  Modem  Analysis  ^th  ed.,  Cambridge,  1927. 


2kk 


BIOGRAPHICAL  SKETCH 

The  writer  of  this  dissertation  was  bom  In 
Okeechobee,  Florida,  April  l6,  1927 .  He  attended  public 
schools  In  Polk  and  Osceola  coxintles. 

After  serving  as  an  enlisted  man  with  the  United 
States  Army  during  World  War  II,  he  entered  the  University 
of  Florida  In  Febiniary,  19^7*  He  pursued  undergraduate 
studies  until  he  was  again  called  to  the  Army  In  which  he 
served  as  an  officer  until  January,  1953. 

He  re-entered  the  University  of  Florida  and  received 
the  degree  Bachelor  of  Chemical  Engineering  In  June,  1953. 
In  September,  1953.  he  entered  the  Graduate  School  of  the 
University  of  Florida  from  which  he  received  the  degree 
Master  of  Science  In  June,  1955. 

He  was  a  graduate  teaching  assistant  from  195^4—53, 
and  an  Instructor  In  the  Department  of  Mathematics  In  1952-59 
His  Industrial  experience  Includes  employinent  as  a  mathema- 
tician by  Vitro  Laboratories,  summers  of  1955  and  I956; 
Boeing  Airplane  Company,  summer  of  1957;  and  Cornell  Aero- 
nautical Laboratory,  summer  of  1958. 

He  Is  a  member  of  the  American  Mathematical  Society, 
Mathematical  Association  of  America,  and  the  Institute  of 
Mathematical  Statistics.  He  Is  also  an  Englneer-In-Tralnlng. 

He  Is  a  member  of  Scabbard  and  Blade,  honorary  mili- 
tary fraternity;  and  Alpha  Kappa  Delta,  honorary  sociological 

fraternity. 

24-5 


This  dissertation  was  prepared  \inder  the  direction 
of  the  chairman  of  the  candidate's  supervisory  committee 
and  has  been  approved  by  all  members  of  the  committee. 
It  was  submitted  to  the  Dean  of  the  College  of  Arts  and 
Sciences  and  to  the  Graduate  Council  and  was  approved  as 
partial  fulfillment  of  the  requirements  for  the  degree  of 
Doctor  of  Philosophy. 


June  2,  1959 


Dean 


,    College  of  Artg^attid 


Sciences 


SUPERVISORY  COMMITTEE; 
Chairman 


Dean,  Graduate  School 


V 


{\ 


30133  ^ 


